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Micromechanics of solid-fluid interactions can play a key role controlling macro-scale
engineering behavior of granular media. The main objective of this study is to numerically
investigate the micromechanics involved in solid-fluid mixtures to develop a better
understanding of the macroscopic behavior of granular media for different applications. This is
accomplished by developing a numerical model coupling the Discrete Element Method (DEM)
and the Lattice Boltzmann Method (LBM) and employing it to study three distinct yet
interrelated applications throughout the course of this research. In the first application, the DEM
model is used to provide a clear relationship between energy dissipated by micro-scale
mechanisms versus the traditional engineering definition based on macro-scale (continuum)
parameters to develop a better understanding for the frictional behavior of granular media.
Macroscopic frictional behavior of granular materials is of great importance for studying several
complex problems such as fault slip and landslides. In the second application, the DEM-LBM
model is employed for studying the undrained condition of dense granular media. While the
majority of previous modeling approaches did not realistically represent non-uniform strain
conditions that exist in geomechanical problems, including the LBM in the proposed model

offers a realistic approach to simulate the undrained condition since the fluid can locally
conserve the system volume. For the third application, the DEM-LBM model is used to study
discontinuous shear thickening in a dense solid-fluid suspension. Shear thickening in a fluid
occurs when the viscosity of the fluid increases with increasing applied strain rate. The DEMLBM results for discontinuous shear thickening were compared to experimental data and proved
to be an accurate approach at reproducing this phenomenon. The validated DEM-LBM model is
then used to develop a physics-based constitutive model for discontinuous shear thickening-shear
thinning in granular media-fluid suspension. A closed-form model is then calibrated using the
DEM-LBM model and validated against existing experimental test results reported in the
literature. Findings of this research demonstrate how micromechanical modeling can be
employed to address challenging problems in granular media involving solid-fluid interaction.
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CHAPTER I
INTRODUCTION
1.1

Background
Micromechanical modeling of solid-fluid interactions in granular media has been studied

extensively and currently in high demand for problems related to earthquakes, landslides,
industrial processing, and even military defense including body armor (e.g., Marone et al., 1990;
Campbell, 1995; Lee et al., 2003; Lucas et al., 2014; Gao et al. 2018). For earthquakes, tectonic
earthquakes usually occur due to a sudden release of energy that has been accumulated in a fault
gouge, which is an ensemble of particles with some fluid present (Gao et al., 2018). Avalanches,
debris flows, and landslides play key roles in mass transport at the Earth’s surface. The great
diversity of natural gravitational flows hinders a unified view; therefore, the behavior of natural
landslides is still poorly understood (Lucas et al., 2014). Discontinuous shear thickening occurs
in many densely packed suspensions that consist of a solid phase in a fluid suspension. These
suspensions feel thin at low stresses but become very thick at higher stresses, and they are of
interest in the fields of dampeners and shock absorbers, even as complex as body armor (Lee et
al., 2003; Brown and Jaeger, 2012)
The Discrete Element Method (DEM), originally developed by Cundall and Strack
(1979), has widely been used for the investigation of the constitutive behavior of granular media
such as soils (Lomine et al., 2013). The DEM provides the advantage of modeling individual
particles, or grains, thus naturally capturing large deformations that confound continuum
1

methods. The Lattice-Boltzmann Method (LBM) is a simulation technique that is commonly
used to solve fluid flow and transport equations by solving the incompressible Navier-Stokes
equations (Wolf-Gladrow 2000; Succi, 2001; Rothman, 2004). Since the LBM solves the fluid
equations by a local method and explicit time integration, the LBM provides a natural
companion to the DEM.
A challenging objective recently has been to extend the application of the DEM to model
multiple physics, such as fluid-solid interactions. In this dissertation, a model is used that couples
the DEM and the LBM to provide a solid-fluid solver. Previous studies with DEM-LBM models
mainly focused on sedimentation, fluidized beds, and piping (Alonso-Marroquin and
Vardoulakis, 2005; Soga et al., 2014). The DEM-LBM provides a micromechanical model that
can locally determine the inter-particle interactions and fluid-particle interactions and then
reproduce the macroscale response of a system. This study takes previously developed DEM and
LBM models and extends the use and purpose of those models to specific problems for soil and
granular media.
1.2

Objective
The overall objective of this dissertation is to numerically investigate the micromechanics

involved in solid-fluid mixtures to develop a better understanding of the macroscopic behavior of
granular media for different applications. Keeping these overall objectives in mind, each chapter
in this dissertation has additional objectives, some of which include: modeling macroscale
frictional behavior of granular soils for monotonic and cyclic loading based upon a
micromechanical determination of energy dissipation, modeling typical soil mechanics
laboratory tests for real geotechnical problems, and using a micromechanical model to properly
2

simulate discontinuous shear thickening and provide further insight into this complex
phenomenon.
1.3

Scope and Organization of Dissertation
This dissertation is divided into six chapters. Chapter 1 provides an overview, which

includes the background, main objectives, and scope of this research. Chapter 2 investigates the
macroscopic frictional behavior of granular soils based upon the micromechanical determination
of the dissipated energy at particle contacts. Macroscopic frictional behavior of granular
materials is of great importance for studying several complex problems such as fault slip and
landslides. This chapter is built on the general observation that the externally computed energy
dissipation should be equal to the total internal energy dissipation derived from inter-particle
sliding and rolling, energy losses from inter-particle collisions, and damping. For this purpose,
DEM is used to model a granular soil and determine the stored, dissipated, and damping energies
associated with shear loading for applied monotonic and cyclic velocities. These energies are
then related to the friction by an application of the Taylor-critical state power balance
relationship. By providing a clear relationship between energy dissipated by micro-scale
mechanisms versus the traditional engineering definition based on macro-scale (continuum)
parameters, this chapter provides a means to develop a better understanding for the frictional
behavior of granular media.
Chapter 3 introduces the coupled DEM and LBM for the purposed of modeling the
undrained condition of dense granular media that displays significant dilation under highly
confined loading. DEM-only models are commonly used to simulate the micromechanics of an
undrained specimen by applying displacements at the domain boundaries so that the specimen
volume remains constant. The LBM offers a more realistic approach to simulate the undrained
3

condition since the fluid can locally conserve the system volume. To investigate the ability of the
DEM-LBM model to effectively represent the undrained constraint while conserving volume and
accurately calculating the stress path of the system, a two dimensional biaxial test is simulated
using the coupled DEM-LBM model, and the results are compared with those attained from a
DEM-only constant volume simulation.
In Chapter 4, the DEM-LBM model is used to simulate discontinuous shear thickening in
a fluid. Shear thickening in a fluid occurs when the viscosity of the fluid increases with
increasing applied strain rate. When the rise in viscosity occurs by orders of magnitude, the fluid
undergoes discontinuous shear thickening, which can be devastating in industrial applications.
By coupling DEM and LBM, a micromechanical model that can simulate the inter-particle
stresses for particles, immersed in a fluid, is developed. The DEM-LBM model is validated
against experimental data and then is used in a parametric study to gain further insight into the
effects of key variables such as solid fraction, particle-wall contact stiffness, and particle friction.
Chapter 5 builds upon the work from Chapter 4 by using the validated DEM-LBM model
validated in Chapter 4 to develop a physics-based constitutive model for discontinuous shear
thickening-shear thinning in granular media-fluid suspension. A conceptual closed-form model is
proposed to describe the evolution of fluid viscosity within different shear thickening and shear
thinning regions accounting for the effects of solid fraction, applied shear stress, inter-particle
friction, and wall-particle stiffness. The closed-form model is then calibrated using the DEMLBM model and validated against existing experimental test results reported in the literature. The
model can provide a practical yet reliable constitutive model for analysis and simulations of
granular media-fluid suspension undergoing discontinuous shear thickening-shear thinning.

4

Following Chapter 5, Chapter 6 concludes and summarizes the work as well as provides
recommendations for expanding this work for future research.
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CHAPTER II
MACROSCALE FRICTION OF GRANULAR SOILS UNDER MONOTONIC AND CYCLIC
LOADING BASED UPON MICROMECHANICAL DETERMINATION
OF DISSIPATED ENERGY
This chapter has been submitted for review and possible publication in a scholarly
journal. The paper is currently under peer review process while this dissertation has been
written. This chapter has been reformatted and replicated herein with minor modifications in
order to outfit the purposes of this dissertation.
2.1

Introduction
The frictional behavior of granular systems is of great importance in many different areas

of rock and soil mechanics. For example, the friction between soils and construction materials is
an important phenomenon in geomechanics, and this is growing more important in bay areas
where buildings have been constructed on very soft cohesive soils (Tsubakihara et al., 1993).
Experimental results for the direct shear test have been studied for clay and steel in the past
(Potyondy, 1961; Clark and Meyerhof, 1972). More recently, shear behavior for a soil/concrete
interface was investigated by thermo-mechanical experimentation (Yavari et al., 2016). In
addition, frictional behavior is of great importance when studying earthquakes where energy is
released quickly, for example fault gouges, surrounding rocks, and tectonic plates.
A number of laboratory experiments have been conducted to observe macro-scale friction
for earthquakes (e.g., Marone et al., 1990; Johnson & Jia, 2005; Johnson et al., 2008; Geller et
6

al., 2015; Annunziata et al., 2016; Gao et al. 2018). The mechanical properties of rocks in gouge
zones play a crucial role in the source mechanisms of earthquakes, in particular the frictional
properties of the fault gouge (Brantut et al., 2008). For earthquakes, the quantification of global
elastic strain energy has allowed for a definition of earthquake energy balance. Different
constitutive models have been proposed to describe the behavior of the dynamic breakdown
processes and the seismic inferences of the fracture energy of the fault (Tinti et al., 2005). In
addition to modeling the behavior of faults, the frictional behavior of a system is of great
importance in landslides as well (Campbell, 1995). For landslide hazard assessment, one of the
ultimate goals is to predict the maximum extension and velocity. Despite the great number of
experimental and theoretical studies, the general behavior of landslides is still poorly understood
(Lucas et al., 2014). Recently, numerical models based on constitutive models have been useful
tools for investigating the dynamics of landslides (e.g. Savage and Hutter, 1989; O’Brien et al.,
1993, Hungr, 1995; Vagnon et al., 2018). Observations thus far stress the complexity and
diversity of friction relation phenomena in rock and soil mechanics (Brantut et al., 2008).
The majority of constitutive models for granular materials, such as Mohr-Coulomb and
rate-and-state frictional models, are based on the macroscopic frictional characteristics of
granular materials (e.g., Gomberg et al., 2000). The relationship between the macroscopic
frictional behavior and the inter-particle friction has been investigated extensively through
experiments (e.g., Skinner and Fleck, 2004) and numerically (e.g., Thornton, 2000; Suiker and
Fleck, 2004; Kruyt and Rothenburg, 2006). A general finding emerging from these studies is a
seeming lack of correspondence between the measured frictional behavior and the inter-particle
friction. For example, several studies (e.g., Rothenburg and Bathrust, 1992; Mirghasemi, 2002;
Matsushima, 2005) showed that the macroscopic frictional behavior depends on the shape of
7

particles. The main challenge in such studies is the difficulty in relating micro-scale parameters
such as contact friction and damping to the measured macroscale parameters. For example,
previous modeling efforts for direct shear tests have shown that the macro-scale response of
spheres showed a somewhat sensitive behavior to inter-particle friction values of less than 0.35.
However, after this point, the macro-scale response was not very sensitive to inter-particle
friction (Thornton, 2000; Cui and O’Sullivan, 2006).
For continuum constitutive models, such as rate-and-state friction models, macroscopic
frictional behavior is a key parameter. For example, for fault slip modeling, the macroscopic
friction coefficient was shown to greatly depend on the rate of fault slip. In certain cases, the
magnitude of the friction coefficient could greatly increase (velocity-strengthening) or decrease
(velocity-weakening), depending on the slip rate (Rice, 2006). Recently, rate and state friction
models have been used in the area of frictional weakening of slip interfaces (Weber et al., 2019)
and comparisons between microphysical models and rate and state models (Ikari et al., 2016;
Chen et al., 2017; van den Ende et al., 2018). More recently, the DEM was used to demonstrate
the effect of size and shape of the grains on the macroscopic frictional behavior (Matsushima,
2005). Also, the DEM was used to investigate the effect of inter-particle friction on the
macroscopic frictional behavior (Kruyt and Rothenburg, 2006). Additionally, Morgan (2004)
used a particle dynamics method to investigate the sliding friction, slip friction, and inter-particle
friction for shear slip. The DEM has the potential for a microphysical interpretation of rate-andstate friction as described by van den Ende et al. (2015), who investigated effects on the transient
and steady state macroscopic frictional behavior of a system. Recently, the DEM has been used
to study energy dissipation in soil samples (Hanley et al., 2018) and other granular materials
(Zhai et al., 2019).
8

The main objective of this study is to model the macroscale frictional behavior of
granular soils under static and cyclic loading based upon micromechanical determination of
dissipated energy at particle contacts. The study is built on the general observation that the
externally computed energy dissipation should be equal to the total internal energy dissipation
derived from inter-particle sliding and rolling, energy losses from inter-particle collisions, and
damping. For this purpose, we use the DEM to model a granular soil and determine the stored,
dissipated, and damping energies associated with shear loading for static and cyclic loading
conditions. The relationship between the internal energy dissipation and macro-scale friction is
determined through a simple interpretation of the critical state power relationship (Taylor, 1948;
Schofield and Wroth, 1968; Wood, 1990). The effect of dilation is also studied by changing the
inter-particle friction and observing the differences in the macro-scale friction and slip friction.
The internal energy values that are stored and dissipated are used to compare the internal friction
to the macro-scale friction. Also, the contributions of the different modes of energy dissipation
(normal, shear, and rolling) are studied. The following sections briefly discuss the DEM, the
energy method being used, the numerical model boundary conditions and initial parameters.
Following the numerical model, the results are presented and then discussed.
2.2
2.2.1

Theory and Formulation
Frictional Components and Energy Dissipation in Granular Media
Monitoring the amount of energy in a system improves the understanding of how the

particles at the microscale interact and affect the behavior at the macroscale. The macroscopic
friction can be proportionate to the amount of energy the system dissipates with respect to the
applied stresses. The slip friction of the system is defined by the ratio of the shear stress and
normal stress at the interface of loading. Since the outer boundaries of the system are allowed to
9

move, the system can either dilate or compress, which leads to a dilative component of friction.
Figure 2.1 provides a visual description of the variables used in the energy calculations.

vn

σn

vs

Figure 2.1

Domain showing applied boundary conditions where σn is the normal stress
applied, τ is the shear stress applied, vs is the velocity in the horizontal direction,
and vn is the velocity in the vertical direction

For simple shear loading, the slip friction of the system can be defined in terms of the stresses at
the limit state as:
𝜏

µ𝑠 = 𝜎

𝑛

(2.1)

where µ𝑠 is the slip friction, τ is the shear stress, and σn is the normal stress, both acting on the
top boundary of the specimen. The total work rate (power) input to the layer is given
unambiguously as the product of the surface velocities and forces:
𝑊̇ 𝑠 = 𝐹𝑠 𝑣𝑠 + 𝐹𝑛 𝑣𝑛
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(2.2)

where 𝑊̇𝑠 is the total power to the system, Fs is the shear force, vs is the shear velocity, Fn is the
normal force, and vn is the normal velocity. The power can be expressed as a specific power, or
power per volume of specimen, as:
1
𝑊̇𝑣 = ℎ 𝐴 (𝐹𝑠 𝑣𝑠 + 𝐹𝑛 𝑣𝑛 ) = 𝜏 𝛾̇ + 𝜎𝑛 𝜖𝑛̇
𝑠

(2.3)

where 𝑊̇𝑣 is the total power per volume of the system, h is the thickness, As is the cross-sectional
area, 𝛾̇ is the average shear strain rate, and 𝜖𝑛̇ is the average normal strain rate.
The specific power can be related to the internal energy dissipated though a computation
of the total energy balance in the layer of discrete elements taking into account the kinetic energy
of the particles and the energy stored and dissipated at particle contacts. In that case, 𝑊̇𝑣 is a
measured quantity. The internal dissipation rate can also be expressed as a phenomenological
law, as in the case of the Taylor (1948) energy law used in the Critical State Soil Mechanics
theory (Taylor, 1948; Schofield and Wroth, 1968; Wood, 1990):
𝑊̇𝑣 = 𝜇𝑒 𝜎𝑛 𝛾̇

(2.4)

where µe is the frictional component of dissipated energy (macroscopic). By combining
Equations (2.3) and (2.4) and rearranging terms, the stress-dilatancy equation is obtained:
𝜖̇ 𝑛
𝛾̇

𝜏

= 𝜇𝑒 − 𝜎

𝑛

(2.5)

Equation (2.5) states that the rate of dilation/contraction is a function of the stress ratio τ / σn. The
characteristic stress ratio can also be obtained from the internal energy rate in light of Equation
(2.4):
1 𝑑𝑊𝑣

𝜇𝑒 = 𝜎

𝑛

𝑑𝛾
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(2.6)

The friction resistance observed externally is given by µs = τ / σn, and the dilation/contraction
friction can be expressed by µd = 𝜖̇𝑛 / 𝛾̇ . These terms can be applied to the stress-dilatancy
equation to obtain:
µ𝑒 = μd + μs

(2.7)

where µd is the dilative component of friction. Equation (2.7) implies that at critical state, µe =
µs.
2.2.2

Energy Calculations in DEM
The DEM (Cundall and Strack, 1979) is a numerical method used for simulating

interacting bodies by integrating the equations of motion for each body. Contact laws define
forces and moments created by relative motions of the particles describe the interactions between
particles. These forces are based on the relative displacement of the bodies (particles) at the point
of their contact. The particles are assumed to be rigid. The DEM is designed to simulate granular
media in large assemblages, ranging from a few thousand particles to millions of particles. To
simplify the contact detection in the DEM, the particles are considered to be spherical in the
current study. Spherical particles are used as a computational expedient; non-spherical particles
can be modeled, although at the expense of added memory usage to describe particle geometry
and added computational time for contact detection. By using the rolling resistance parameter,
the spherical particles can better approximate the behavior of non-spherical particles and more
realistically simulate the microstructure of shear bands (Iwashita and Oda, 1998). Peters et al.
(2019) provides a general philosophy of using spherical particles with rolling resistance for
prototype-scale simulations.
DEM models are shown to provide robust tools for micromechanical and porotype-scale
simulations of complex phenomenon in granular media (e.g., Peters et al., 2019). Among others,
12

DEM modeling has been used for energy dissipation calculations for granular soils such as
dissipated energy of the system for cyclic loading cases (El Shamy and Denissen, 2011). More
recently the DEM has been used in fracture growth and the associated energy (Vora and Morgan,
2019). To expand these previous DEM energy works, this study calculates each specific mode of
energy dissipation (normal, shear, rolling, and damping) to determine the macroscopic friction.
After determining these energies, the macroscopic friction of the system is determined by using
Equation (2.6), where Wv is determined by the dissipated energy of the system.
The particle acceleration is computed from the summation of contact forces acting on
each particle combined with external forces. The motion of each particle that results from the net
forces and moments is obtained by integrating Newton’s laws. The evolution of particle velocity,
νi and rotational rate ωi are given by:
𝑚

𝜕𝑣𝑖
𝜕𝑡

𝑁

𝑔

𝑐
= 𝑚𝑔𝑛𝑖 + ∑𝑐=1
𝑓𝑖𝑐

(2.8)

and
𝐼𝑚 𝜌

𝜕𝜔𝑖
𝜕𝑡

𝑁

𝑁

𝑐
𝑐
= ∑𝑐=1
𝑒𝑖𝑗𝑘 𝑓𝑗𝑐 𝑟𝑘𝑐 + ∑𝑐=1
𝑀𝑖𝑐

(2.9)

where m and Im are the particle mass and moment of inertia respectively, gnig is the acceleration
of gravity, fic and Mic are the forces and moments applied at the contacts, ρ is the particle density,
r is the particle radius, and Nc the number of contacts for the particle.
Particle forces are accumulated from pairwise interactions between particles. Two
particles with radii RA and RB make contact when the distance, d, separating the particles
satisfies
𝑑 < 𝑅𝐴 + 𝑅𝐵
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(2.10)

The contact forces and moments arise from relative motion between contacting particles. The
motion of each individual particle is described by the velocity of the particle center and the
rotation about the center. The branch vector between sphere centers, xiA – xiB is also the
difference between the respective radii vectors that link the particle centers to the contact riA –
riB. With this nomenclature, the relative motion at contact c between particles A and B is given
by:
Δ𝑐𝑖 = 𝑢𝑖𝐴 − 𝑢𝑖𝐵 + 𝑒𝑖𝑗𝑘 (𝑟𝑗𝐴 𝜃𝑘𝐴 − 𝑟𝑗𝐵 𝜃𝑘𝐵 )

(2.11)

where 𝛥𝑐𝑖 is the displacement of the contact, u is the displacement of each particle, eijk is the
permutation tensor, r is the radius of the particle, and θ is the angular displacement, and the
repeated indices indicate summation. The contact moments are generated by the difference in
rotations, Δωic, between the particles A and B,
(2.12)

Δ𝜔𝑖𝑐 = 𝜔𝑖𝐴 − 𝜔𝑖𝐵

where ω is the angular velocity of the particle. The contact forces for cohesionless materials are
given by the contact laws in terms of their normal and shear components, fn, and fis:
𝐾 𝑛 𝛥𝑛
𝑓𝑛 = {
𝐸𝑟 𝐾 𝑛 (𝛥𝑜 − 𝛥𝑛 ),
𝑓𝑖𝑠
𝑚𝑖𝑐 = {

𝛥𝑛 < 𝛥𝑜

(2.13)

𝐾 𝑠 𝛥𝑠𝑖
={ 𝑛
𝑓 𝑡𝑎𝑛 𝜙 𝑛𝑖𝑠 , |𝑓𝑖𝑠 | ≥ 𝑓 𝑛 𝑡𝑎𝑛 𝜙

(2.14)

𝐾 𝑟 𝛥𝜔𝑖𝑐
𝑓 𝑛 𝑡𝑎𝑛 𝜙𝑚 𝑛𝑖𝑚 ,

(2.15)

|𝑚𝑖𝑐 | ≥ 𝑓 𝑛 𝑡𝑎𝑛 𝜙𝑚

where Kn ,Ks , and Kr are stiffness constants; Er is a factor to control energy dissipation through
stiffening the unload response; Δn and Δis are the normal and shear components of the contact
displacement; nis and nim are the unit vectors in the direction of the shear force and moment; Δo is
the greatest value of penetration in the history of Δn; and φ and φm are friction angles. The inter14

particle friction (µp) and rolling friction (µr) parameters are directly determined from φ and φm,
respectively. The sliding and rotational modes amount to an elastic-plastic law that dissipates
energy through Coulomb friction. In all three modes, there can be force-displacement states that
lie on the unload-reload portions of the response. These are not easily damped by hysteretic
mechanisms without adding complexity and additional internal variables. For this unload-reload
state damping is invoked that eliminates high-frequency vibrations, but without introducing
significant rate-dependence.
It is well known that forces are transmitted through meso-scale structures referred to as
force chains. Peters et al. (2005) provide an objective statistical technique for identifying
particles participating in force chains. In this work force chains will be subjectively identified
through looking at patterns of particle stress. Following Peters et al. (2005), the particle stress
tensor and the average continuum stress in the solid fraction are defined as:
1

𝑐

𝑝
𝑐 𝑐
𝜎𝑖𝑗 = 𝑉 ∑𝑁
𝑐=1 𝑟𝑖 𝑓𝑗

(2.16)

𝑝

1

𝑝

𝑝
𝜎̅𝑖𝑗 = 𝑉 ∑𝑁
𝑝=1 𝑉𝑝 𝜎𝑖𝑗 =

𝑉𝑠
𝑉

〈𝜎𝑖𝑗𝑝 〉

(2.17)

where V is the total volume, Vp is the volume of each particle, Vs is the total particle volume, Nc
is the number of contacts, Np is the number of particles, fic is the ith component of the force acting
at the contact, and rjc is the jth component of the radius vector from the center of the particle to
the contact. The particle stresses can be used to identify the particles transmitting higher than
average loads through force chains. A visual inspection of particles groups having high principal
stresses is a simple way to subjectively identify force chains.
We calculate different types of energy including the kinetic, stored, dissipated, and
damping energies. The stored and kinetic energies represent the current energy state of the
15

particles; whereas, the dissipated and damping values represent a rate of energy leaving the
system through contact interactions by conversion to heat. For each simulation, an energy
balance was conducted to verify that the output energy and input energy were equal at all times.
For this, the output energy was a summation of the kinetic, dissipated, and damping energy, and
the input energy was determined based on the applied strain rate to the top of the system. It
should be noted that in these simulations, the stored energy component was much smaller than
the other components and considered negligible. In addition, the dissipated and damping energies
have components of normal, shear, and rolling. For example, considering the normal contact, the
stored normal energy is determined by the area in Figure 2.2a, the dissipated normal energy is
determined by the area in Figure 2.2c, and the damped normal energy is determined similar to
the dissipated energy.
Figure 2.2 shows an example of the force-displacement curves. The calculated energies
are determined by finding the area of the shaded region of the curves, as expressed in Equations
(2.18-2.24). The stored energy is computed as that retrieved when unloading, which is the area of
the triangle made by the unload curve. The stored energy represents the energy recovered upon
unloading. The dissipated energy is a measure of how much energy has been lost, which is only
known in an incremental sense, that is, the dissipated energy is related to the history of loading.
The dissipated energy is the rectangular area under the force-displacement curve for the case
where the entire step is in the limit range.
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Figure 2.2

Force-displacement curves for various types of particle contacts. a) Stored normal
energy. b) Stored shear and rotational energy. c) Dissipated normal energy. d)
Dissipated shear energy exceeding elastic limit. e) Dissipated shear energy less
than elastic limit

Using the force-displacement curves illustrated in Figure 2.2, the increments of
dissipation can be computed from the contact energies. For example, in Figure 2.2a and Figure
2.2b, the normal and shear components of the stored energy can be given by:
1

1

(2.18)

1

1

(2.19)

𝑛
𝐸𝑆𝑡𝑜𝑟𝑒𝑑
= 2 𝛿𝑡2 𝐾𝑡 = 2 𝛿𝑡 𝑓𝑛
𝑠
𝐸𝑆𝑡𝑜𝑟𝑒𝑑
= 2 𝛿𝑠2 𝐾𝑠 = 2 𝛿𝑠 𝑓𝑠

where δt is the normal displacement for unloading, Kt is the stiffness component due to
unloading, fn is the normal force, δs is the shear displacement for unloading, and Ks is the
stiffness for shear. The stored shear component is only determined during unloading of the
contact. For Figure 2.2c, the dissipated energy for normal loading is given by:
1

𝑛
𝐸𝐷𝑖𝑠𝑠
= 2 (𝑓𝑛2 − 𝑓𝑛1 )(𝛿𝑛2 − 𝛿𝑛1 ) + 𝑓𝑛1 (𝛿𝑛2 − 𝛿𝑛1 ),

17

𝛿𝑛2 > 𝛿𝑛1

(2.20)

where fn2 is the updated normal force, fn1 is the previous normal force, δn2 is the updated normal
displacement, and δn1 is the previous normal displacement. The dissipated energy due to the
normal mode can also be called the collisional mode.
The dissipated energy for the shear mode is determined differently for when the shear
force (fs) is beyond the limiting friction force (Figure 2.2d) or below that force (Figure 2.2e) and
expressed as:
𝑠
𝐸𝐷𝑖𝑠𝑠

= {1
2

𝑓𝑙𝑖𝑚𝑖𝑡 (𝛿𝑠2 − 𝛿𝑠1 ), 𝛿𝑠1 > 𝛿𝑠𝑒𝑙𝑎𝑠𝑡𝑖𝑐
(𝑓𝑙𝑖𝑚𝑖𝑡 − 𝑓𝑠1 )(𝛿𝑠𝑒𝑙𝑎𝑠𝑡𝑖𝑐 − 𝛿𝑠1 ) + 𝑓𝑠1 (𝛿𝑠𝑒𝑙𝑎𝑠𝑡𝑖𝑐 − 𝛿𝑠1 ), 𝛿𝑠1 < 𝛿𝑠𝑒𝑙𝑎𝑠𝑡𝑖𝑐

(2.21)

where flimit is the limiting friction force, δs2 is the updated shear displacement, and δs1 is the
previous shear displacement. The energy dissipated for the rolling mode is determined similarly
by:
𝑟
𝐸𝑑𝑖𝑠𝑠
= 𝑀𝑐𝑟 𝜃𝑠

(2.22)

where Mcr is the contact moment due to rolling, and θs is the rotation of the particle.
The dissipated energy due to damping for the normal and shear modes are calculated by:
𝑛
𝑛
𝐸𝑑𝑎𝑚𝑝
= 2 𝛿𝑛 𝑓𝑑𝑎𝑚𝑝

1

(2.23)

1

(2.24)

𝑠
𝑠
𝐸𝑑𝑎𝑚𝑝
= 2 𝛿𝑠 𝑓𝑑𝑎𝑚𝑝

The dissipated energy due to damping is determined from the damping forces, which are
used to achieve a nearly static condition in lieu of adding a complex hysteretic damping model.
This is the intent of damping for most DEM programs today.
2.3

Numerical Model
For the numerical model, a confined system of particles was simulated under a shear

loading condition. The initial configuration, shown in Figure 2.3a, includes 1750 particles of
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various sizes consolidated by a vertical confining pressure of 70 MPa. The system is sheared by
applying a pre-determined velocity to the top layer of particles for up to 150% strain. The system
was created by consolidating 250 particles with 200 µm radius, 500 particles with 150 µm
radius, and 1000 particles with 100 µm radius. Table 2.1 shows the contact parameters used in
the DEM simulations. The parameters for rolling resistance friction and inter-particle friction are
the subject of parametric studies given in the previous section, which also provide a means of
model calibration.
Table 2.1

DEM parameters used in simulations

Property
Units
Base Value
Normal stiffness (KN)
N/m
1200
Shear stiffness (KS)
N/m
240
Rolling stiffness (KR)
N/m
1.0E-2
Torsional stiffness (KT)
N/m
1.0E-2
Energy dissipation factor (ER)
--2.0
Inter-particle friction (µp)*
--0.4
Rolling friction (µr)*
--0.4
Initial height (H)
mm
10
Initial length (L)
mm
10
*
Note the inter-particle friction and rolling friction are varied with ranges from 0-0.8.
After compression, a selected group of particles at the top of the domain is sheared with a
defined velocity, causing the domain to shear and form various force chains throughout.
Similarly, a region at the bottom of the domain is selected to have zero horizontal velocity.
Periodic boundary conditions are used in the horizontal direction. Both the top and bottom
boundaries can move vertically to permit volume change. Figure 2.3b shows an example of the
final configuration of the system after achieving the 150% strain. This amount of strain is large
enough for the slip friction to reach a steady state. The marked particles at the top and bottom
boundaries of the domain can be used as a reference to interpret the periodic nature of the shear
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deformation. In addition to monotonic loading, cyclic loading simulations were conducted in
which the system was strained to ± 20% strain for up to 1000 cycles.
Table 2.2 provides a list of sliding friction coefficients for various types of soil grains.
The values chosen for the parametric study described in a subsequent section correspond to this
range of measured friction parameters.
Table 2.2

Figure 2.3

Friction coefficient (mineral-on-mineral) values for various minerals (data from
Azzoni et al.,1992)
Material

Friction Coefficient

Fieldspar

0.10

Biotite

0.31

Chlorite

0.53

Serpentine

0.76

(a) Initial configuration of DEM particles with applied boundary conditions. Note
that periodic boundary conditions occur in the x-direction, and one periodic image
is shown. (b) Particles configuration after achieving 150% strain. Note the visible
dilation of the system
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2.4

Results and Discussion
To study the internal consistency of the model, first the slip friction and macroscopic

friction were determined for the base values shown in Table 2.1. The consistency of the energy
calculations was verified by plotting the energy input along with the energy output. After this
step, a parametric study was completed on the rolling resistance friction (µr) and the interparticle friction (µp). Following this, a rate dependence study was completed to see if the system
exhibited a velocity strengthening or weakening behavior. To better visualize the causes of the
frictional behavior, each mode of energy was analyzed for varying inter-particle friction and
applied strain rate. The study was concluded by looking at the effects of cyclically loading the
system.
Figure 2.4 shows the slip friction for an inter-particle sliding friction value of 0.4 and
demonstrates the oscillatory nature of the slip interactions. The applied strain of 150% was
sufficient for the slip friction of the system to reach a steady state. In Figure 2.4, the slip friction
increases linearly until around 20% strain, where it begins to oscillate as for a stick-slip behavior.
This type of behavior is common for shear loading (Morgan, 2004).

Figure 2.4

Time evolution of slip friction with applied strain
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To demonstrate that energy balance is achieved by Equations (2.18-2.24), the total energy
input to the system and the total energy output the system were compared as seen in Figure 2.5.
The input energy was calculated by determining the forces and displacements of the top layer of
particles that had a prescribed boundary condition, and the total output energy was a summation
of the kinetic energy, dissipated energy, and damping energy. A similar procedure to determine
input energy was done by Vora and Morgan (2019). As seen, the total energy input to the system
is equal to the total energy out of the system. This step was important to verify that the energy
calculations were implemented correctly. After verifying the dissipated energy, the macroscopic
friction was determined using Equation (2.6).

Energy (N-m)

4000
3500

Input

3000

Dissipated+Kinetic+Damping

2500
2000
1500
1000
500
0

Figure 2.5

0

0.25

0.5

0.75
1
Strain (cm/cm)

1.25

1.5

Comparison of the total input energy and the total output energy of the system of
particles to show conservation of energy

The total macroscopic friction, µe was calculated using Equation (2.6) and is shown in
Figure 2.6. As can be seen, the mean friction value is around 0.25, which is reasonable when
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compared to similar approaches (Morgan, 1999), where the system’s friction ranged between
0.2~0.3. Interestingly, the value for friction using this macroscopic approach is much lower than
the slip friction. This can be explained by calculating the dilative friction component. To further
investigate this, multiple simulations were completed for different rolling resistance frictions and
inter-particle frictions.

Figure 2.6

Coefficient of friction by energy dissipation versus strain. The coefficient of
friction µe was calculated using Equation (2.6)

The first DEM parameter to be studied was the rolling resistance friction (µr). The results
for this study are shown in Figure 2.7. The study for µr was completed for two different values of
inter-particle friction, 0.2 and 0.4.
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Figure 2.7

Slip friction (µs) as a function of rolling resistance friction (µr) for two values of
inter-particle friction (µp)

As can be seen in Figure 2.7, the value of slip friction (µs) quickly saturates to a steady
value from µr = 0.1 to µr = 0.8. At zero rolling friction, the value of slip friction drops
considerably The effect of rolling friction can be seen by the fact that the slip friction increases
going from a value of µr = 0.0 to µr = 0.1. The contribution of the rolling friction is somewhat
substantial depending on µp. For example, with µp = 0.4 and µr = 0.0, the slip friction is nearly
half of the value for µs at µr > 0.1. However, increasing µr any more than 0.1 does not affect the
frictional behavior.
Next, the inter-particle friction parameter was investigated for both slip friction (µs) and
macroscopic friction (µe). By changing the value of inter-particle friction (µp), the slip friction of
the system, determined by Equation (2.1), can be varied dramatically, as seen in Figure 2.8,
which shows the strong dependence of the sliding friction of the system on the friction between
individual particles.
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Figure 2.8

Mean slip friction (µs), macroscopic friction (µe), and the dilative friction (µd) as a
function of the inter-particle friction (µp)

Interestingly, µe remains nearly constant across the array of inter-particle friction values.
Figure 2.8 shows that the macroscopic frictional behavior is not affected very much by changing
the inter-particle friction, similarly stated by Kruyt and Rothenburg (2006). A possible
explanation for this behavior is that once the inter-particle friction is high enough to form stable
force chains, increasing it any further does not increase the stability of the chain, therefore does
not increase the friction. Also, at zero inter-particle friction, µs is a non-zero value around 0.15,
even though there is no sliding resistance. Therefore, the remaining resistance comes from the
normal forces, via the contact moments. Another example of this interpretation is from the
particle collision interactions noted by Peyneua and Roux (2008), where frictionless bead packs
showed macroscopic friction due to collisional interactions.
As shown in Equation (2.7), the difference between µs and µe is the dilative friction, as
shown in Figure 2.8 by summing µs and µd. As shown, at µp = 0.0, the dilative friction has a
25

negative sign convention due to the fact that the system is compressing, where dilation is
considered the positive direction. Also, at µp = 0.1, the system showed very little compression or
dilation; therefore, µs is approximately equal to µe. Figure 2.8 implies that increasing the interparticle friction causes an increase in the dilation of the system. The dilative component of
friction is non-dissipative; it increases the resistance to shear but not the dissipation by shear. In
traditional soil mechanics terminology, the friction must be corrected for dilation. This becomes
of great importance if the interest is computing heat loss.
In addition to changing DEM parameters, different values of the applied strain rate were
also studied, see Figure 2.9. By changing the applied velocity of the selected region of particles
at the top of the domain, the strain rate of the system can be varied. For lower values of interparticle friction (µp), the mean slip friction shows little to no change with increasing strain rate.
In fact, it shows a slight velocity-weakening behavior. However, as the inter-particle friction is
increased as in Figure 2.9b, a velocity-strengthening behavior can be observed, and with further
increase in inter-particle friction, the increase in mean slip friction with increasing strain rate is
even more drastic, Figure 2.9c. This type of behavior is similar to that of the frictional behavior
in fault slip, where at very high rates of fault slip, the friction coefficient was shown to increase
(Rice, 2006).
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Figure 2.9

Mean slip friction as a function of the loading rate (VS) for varying inter-particle
friction (µp) values of a) 0.1, b) 0.4, and c) 0.7

A strain rate study was also completed for the macroscopic friction for an inter-particle
friction of 0.6, as seen in Figure 2.10. As seen, the macroscopic frictional behavior is constant, or
fairly steady, until around 1E-1 µm/s, where the behavior drastically changes. For values above
1E-1 µm/s, the system showed a velocity strengthening behavior, where the macroscopic friction
increased with increasing strain rate. This phenomenon is also seen in shear-thickening fluids
(Johnson et al., 2017), where the friction (or viscosity) only increases at a certain range of
applied velocity (or stress). The weakening and strengthening of the system, shown in Figures
2.9-2.10, can be explained because at lower inter-particle friction values, the particles cannot
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hold the force chains. However, when the friction is increased, a larger number of force chains
can be seen.
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Figure 2.10

1.00E-02
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1.00E+00

1.00E+01

Macroscopic friction versus loading rate for µp = 0.6

The formation of force chains contribute to the large increase in friction as the rate is
increased, shown in Figure 2.9-2.10. Figure 2.11 visualizes the formation and break down of
force chains by showing the progression of maximum principal stress for each particle at various
strains. Figure 2.11 helps to visualize the formation and break down of the force chains running
through the particles. By visual inspection of the particles, seeing the groups of higher principal
stresses is a way to subjectively identify these force chains. Going from Figure 2.11a to Figure
2.11b, dilation has clearly occurred in the system, where the top and lower boundaries have
expanded. Also, force chains have begun to form indicated by the chains of very high interparticle stresses surround by zones of particles carrying very low stress. Progressing from Figure
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2.11b to Figure 2.11c, multiple force chains have formed ranging from the bottom of the domain
to the top in a slender array of particles, only about 2 particles wide. Then in Figure 2.11d, these
chains have mostly broken, and a new set of chains has started to form. This is indicated by more
particles with low stress and only a few bands of particles with high stress.

Figure 2.11

Maximum principal stress for each particle at a) 0% strain, b) 45% strain, c) 75%
strain, and d) 100% strain. Note that the stress shown is in Kpa

Each mode of dissipated energy (shear, rolling, and normal) was then analyzed by
normalizing the value by the total dissipated energy. Three different values of inter-particle
friction were studied as shown in Figure 2.12. As shown, for the lowest value of inter-particle
friction, Figure 2.12a, the dissipated energy is dominated by the normal collisional energy, as
expected, and then as the inter-particle friction is increased the shear and normal components
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seem to settle out to average values around 0.4 and 0.6, respectively, with very little rotational
components.

Figure 2.12

Different modes of dissipated energy normalized by the total dissipated energy for
a) µp =0.3, b) µp =0.6, and c) µp =0.8

The different modes of dissipated energy were analyzed for varying applied shear rates
(Figure 2.13). Interestingly, as the applied strain rate was increased, the amount of dissipated
energy for the shear mode decreased and the normal mode conversely increased. The average
value for shear dissipation decreased from 0.45 to 0.25, where the normal dissipation increased
from 0.55 to 0.7. The rolling component seemed to vary. These results suggest the normal
(collisional) mode is responsible for the drastic increase in macroscopic friction behavior seen in
Figures 2.9-2.10.
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Figure 2.13

Different modes of dissipated energy normalized by the total dissipated energy for
a) VS = 0.1 µm/s, b) VS = 5 µm/s, and c) VS = 10 µm/s

Additionally, cyclical simulations were completed where the system was strained to
values of ± 20% strain for N number of cycles. Figure 2.14 shows the resulting coefficient of
friction versus the number of steps for an inter-particle friction value of 0.6. For the cyclical
simulations, the coefficient of friction averages to 0.24, where the normally loaded system was
0.25 for the same properties. The breaking and reforming of the force chains is evident in the
oscillatory nature of the plot. For example, as the particles reach +20% strain, the loading is then
reversed resulting in the braking of load resisting force chains that were formed. Then, the
particles begin to form new force chains that resist the new motion.
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Figure 2.14

Coefficient of friction versus number of cycles for µp = 0.6

Figure 2.15

Maximum principal stress for each particle at a)+20% strain and b)-20% strain.
Note that the units for stress are KPa

To visualize the stress state for the cyclic loading, Figure 2.15 shows the maximum
principal stress of each particle. As shown, multiple force chains form in a direction that is
resisting motion of the top layer. These force chains then must begin reforming to oppose the
transition of the plate moving from the positive direction to the negative direction. This cyclic
motion caused a buildup and break down of the force chains resulting in oscillations seen in
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Figure 2.14. Interestingly, the amount of motion needed to drastically change the force chain
directions was very small, as shown in Figure 2.16. As shown in Figure 2.16, the force chains at
the top layer of sheared particles are drastically changed with a small amount of strain, ~ 1%.
However, the bottom half of the specimen still shows force chains with little to zero change in
direction, due to the propagation of the collisional forces.

Figure 2.16

Maximum principal stress for each particle at a)+20% strain and b) ~1% strain
after load reversal. Note that the units for stress are KPa
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CHAPTER III
MICROMECHANICS OF UNDRAINED RESPONSE OF DILATIVE GRANULAR MEDIA
USING A COUPLED DEM-LBM MODEL: A CASE OF BIAXIAL TEST
This chapter has been published as an article in the journal of Computers and
Geotechnics (Johnson, D.H., Vahedifard, F., Jelinek, B. and Peters, J.F., 2017. Micromechanics
of undrained response of dilative granular media using a coupled DEM-LBM model: a case of
biaxial test. Computers and Geotechnics, 89, pp.103-112). The paper has been reformatted and
replicated herein with minor modifications in order to outfit the purposes of this dissertation.
3.1

Introduction
The interaction of solid and water phases in granular media is central to the science and

practice of soil mechanics (Han and Cundall, 2013). Mathematically, this interaction is described
by coupling the partial differential equations of deformation and fluid flow to produce a system
that can model the deformation of soil-water mixtures starting from an initial “undrained”
loading, going through the process of consolidation, resulting in a final “drained” state. Such a
complex physical system can be modeled by coupling two simpler components due to the
effective stress principle, which decomposes the applied total stress into additive components
acting separately on the fluid and solid phases (Lambe and Whitman, 2008).
An accurate representation of the constitutive relationship for soil remains the key issue
in geotechnical modeling despite a nearly half-century of intensive research. The most difficult
problems are those involving large discontinuous deformations as encountered in failures (e.g.,
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landslides, liquefaction) or erosional failures associated with internal erosion and piping. The
Discrete Element Method (DEM), originally developed by Cundall and Strack (1979), offers a
fundamental approach to modeling granular materials at the particle scale. The DEM has the
advantage of modeling the motion of individual grains, thus naturally capturing large
discontinuous deformations that confound continuum formulations. The LBM is a natural
companion to the DEM for modeling the fluid phase because both are based on explicit time
integration and simple spatial discretization, whereby the simple lattice of the LBM fits well with
the cubical grid generally used to localize neighbor searches in the DEM (Soga et al., 2014). The
DEM has been used extensively to study localization phenomena in granular media (AlonsoMarroquin and Vardoulakis, 2005) with recent studies including the evolution of fluid flow (Sun
et al., 2013). Coupled DEM-LBM modeling has likewise been applied to piping problems
(Lominé et al., 2013). A comprehensive overview of applying the DEM and LBM in these multiscale problems can be found in (Soga et al., 2014).
Previous studies have used coupled DEM-LBM models mainly for cases where the soil
grains are in a relatively unconfined condition such as sedimentation, fluidized beds, liquefaction
phenomena, and piping (Alonso-Marroquin and Vardoulakis, 2005; Lominé et al., 2013; Soga et
al., 2014). This study focuses on an undrained test that involves highly confined loading between
rigid platens of dense particle systems displaying significant dilation, a case which has not been
examined in the previous DEM-LBM modeling efforts. The term “confined” emphasizes the
contrast to cases where the particles have a high degree of free motion such as in simulations of
fluidized beds and liquefaction. In essence, the particles are confined because they must deform
within the constraints of the four loading platens. Herein, a biaxial loading case is chosen to
investigate the suitability of the DEM-LBM for modeling the undrained condition in dilative
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granular media. Biaxial loading is a two dimensional approximation to standard laboratory tests
such as the triaxial, cubical triaxial, and plane strain tests and is commonly used to address
general academic questions involving granular media physics and the numerical aspects of the
DEM. Recently, several studies have been performed on using the DEM to simulate the biaxial
case with the undrained condition and to better understand the effects of important DEM
parameters (e.g., Yimsiri and Soga, 2010; Yang et al., 2012; Yang and Wu, 2016). It is common
to impose the constant-volume condition in the DEM only models by applying displacements at
the domain boundaries such that the specimen volume remains constant. Although this approach
works well for uniform strain conditions found in laboratory tests, it is not practical for study of
general geotechnical problems such as slope stability, which pose non-uniform strain conditions.
To address this gap this study uses the LBM to capture the response of fluid undergoing a
compressive load. This provides a more realistic approach to extending undrained models to
conditions of non-uniform strain because the fluid locally conserves system volume in the LBM.
Following this introductory section, the study provides brief descriptions of the DEM and
LBM including their coupling, with a discussion on time integration and spatial resolution of
each method. This section is followed by a description of the biaxial test and the instability
associated with shear localization as documented in several previous publications (Peters and
Walizer, 2013; Tordesillas et al., 2014; Walker et al., 2014). Finally, an investigation of the
effects of fluid compressibility and particle sizes on the results is presented.
3.2

Numerical Method
In recent years, coupling the DEM with LBM has become a well-established method for

solving fluid-particle interaction problems in geomechanics (Han and Cundall, 2013; Lominé et
al., 2013; Sun et al., 2013; Tordesillas et al., 2014). In this coupled method, the DEM resolves
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the inter-particle interactions, and the LBM solves the Navier-Stokes equations for the fluid
flow. Also, although not considered in the present study, the coupled DEM-LBM has the
potential to model the relative motion of soil grains and water found in consolidation problems.
Feng et al. (2010) used the DEM-LBM to model a vacuum dredging system for mineral
recovery, where particles are pulled through a suction pipe at turbulent Reynolds numbers.
Lomine et al. (2013) used the DEM-LBM to model piping erosion. In these simulations, 2D discs
were placed in a rectangular domain, and a pressure gradient was applied to drive the fluid flow.
The DEM-LBM coupling is advantageous because both methods employ explicit time
integration making them particularly suitable for parallelization (Jelinek et al., 2013).
The following sections briefly discuss the DEM and LBM formulations, boundary
conditions, and coupling between the DEM and LBM applied in this study.
3.2.1

Discrete Element Method
The DEM is a procedure for simulating interacting bodies through integration of the

equations of motion for each body. The contact forces are calculated using binary contact laws
based on the relative displacement of the bodies at the point of their contact. Thus, the bodies
themselves are assumed rigid. DEM is designed to simulate granular media in large assemblages,
ranging from a few thousand particles to millions of particles. To simplify contact detection,
particles are often assumed to be spherical, but not necessarily of equal size. Spherical particles
are used as a computational expedient; non-spherical particles can be modeled, although at the
expense of added memory usage to describe particle geometry and added computational time for
contact detection.
Interactions between particles are described by contact laws that define forces and
moments created by relative motions of the particles. The particle acceleration is computed from
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the summation of contact forces acting on each particle combined with external forces. The
motion of each particle that results from the net forces and moments are obtained by integrating
Newton’s laws. Thus, the particles are not treated as a continuous medium. Rather, the medium
behavior emerges from the interactions of the particles comprising the assemblage (Cundall and
Strack, 1979).
The evolution of particle velocity, νi and rotational rate ωi are given by
𝑚

𝜕𝑣𝑖
𝜕𝑡

𝑔

𝑁

𝑐
= 𝑚𝑔𝑛𝑖 + ∑𝑐=1
𝑓𝑖𝑐 + 𝐹𝐹

(3.2)

and
𝐼𝑚 𝜌

𝜕𝜔𝑖
𝜕𝑡

𝑁

𝑁

𝑐
𝑐
= ∑𝑐=1
𝑒𝑖𝑗𝑘 𝑓𝑗𝑐 𝑟𝑘𝑐 + ∑𝑐=1
𝑀𝑖𝑐 + 𝑇𝐹

(3.2)

where m and Im are the particle mass and moment of inertia respectively, gnig the acceleration of
gravity, fic and Mic the forces and moments applied at the contacts, FF and TF are the
hydrodynamic force and torque, respectively, and Nc the number of contacts for the particle.
Particle forces are accumulated from pairwise interactions between particles. Two
particles with radii RA and RB make contact when the distance, d, separating the particles
satisfies
𝑑 < R A + 𝑅𝐵

(3.3)

The contact forces and moments arise from relative motion between contacting particles.
The motion of each individual particle is described by the velocity of the particle center and the
rotation about the center. The branch vector between particle centers, xiA – xiB is also the
difference between the respective radii vectors that link the particle centers to the contact riA – riB.
With this nomenclature, the relative motion at contact c between particles A and B is given by
𝛥𝑐𝑖 = 𝑢𝑖𝐴 − 𝑢𝑖𝐵 + 𝑒𝑖𝑗𝑘 (𝑟𝑗𝐴 𝜃𝑘𝐴 − 𝑟𝑗𝐵 𝜃𝑘𝐵 )
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(3.4)

where repeated indices indicates summation. The contact moments are generated by the
difference in rotations, Δωic, between the particles,
(3.5)

𝛥𝜔𝑖𝑐 = 𝜔𝑖𝐴 − 𝜔𝑖𝐵

The contact forces for cohesionless materials are given by the contact laws in terms of
their normal and shear components, fn, and fis
𝐾 𝑛 Δ𝑛
𝑓𝑛 = {
𝑛 (Δ𝑜
𝐸𝑟 𝐾
− Δ𝑛 ),
𝑓𝑖𝑠 = {
𝑚𝑖𝑐 = {

𝐾 𝑠 𝛥𝑠𝑖
𝑓 𝑛 𝑡𝑎𝑛 𝜙 𝑛𝑖𝑠 ,

𝐾 𝑚 Δ𝜔𝑖𝑐
𝑓 𝑛 𝑡𝑎𝑛 𝜙𝑚 𝑛𝑖𝑚 ,

(3.6)

Δ𝑛 < Δ𝑜

|𝑓𝑖𝑠 | ≥ 𝑓 𝑛 𝑡𝑎𝑛 𝜙

(3.7)

|𝑚𝑖𝑐 | ≥ 𝑓 𝑛 𝑡𝑎𝑛 𝜙𝑚

(3.8)

where Kn and Ks are stiffness constants; Er is a factor to dissipate energy through stiffening the
unload response; Δn and Δis are the normal and shear components of the contact displacement; nis
and nim are the unit vectors in the direction of the shear force and moment; Δo is the greatest
value of penetration in the history of Δn; and φ and φm are friction parameters.
Following Peters et al. (2005), the particle stress tensor and the average continuum stress in the
solid fraction are defined as:
1

𝑐

𝑐 𝑐
𝜎𝑖𝑗𝑝 = 𝑉 ∑𝑁
𝑐=1 𝑓𝑖 𝑟𝑗

(3.9)

𝑝

1

𝑝

𝑝
𝜎̅𝑖𝑗 = 𝑉 ∑𝑁
𝑝=1 𝑉𝑝 𝜎𝑖𝑗 =

𝑉𝑠
𝑉

〈𝜎𝑖𝑗𝑝 〉

(3.10)

where V is the total volume, Vp is the volume of each particle, Vs is the total particle volume, Nc
is the number of contacts, Np is the number of particles, fic is the ith component of the force
acting at the contact, rjc is the jth component of the radius vector from the center of the particle to
the contact. The particle stresses identify the particles transmitting higher than average loads
through force chains. The average continuum stress is calculated to investigate the stress history
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of the system in the form of a stress path plot of the intergranular stress, p, and the deviatoric
stress, q.
3.2.2
3.2.2.1

Lattice Boltzmann Method
Density Distribution Functions and Their Time Evolution
The LBM is a simulation technique commonly used for solving fluid flow and transport

equations (e.g., Wolf-Gladrow, 2000; Succi, 2001; Rothman and Zaleski, 2004; Sukop and
Thorne, 2006). The LBM is based on Boltzmann’s equation (Boltzmann, 1872), which was
derived from the gas kinetic theory. In this method, streaming and collision operator are
employed to describe the time and spatial evolution of a distribution function of particles.
Boltzmann’s equation has a direct relationship with the Navier–Stokes equations (Chapman and
Cowling, 1970). The LBM characterizes the fluid at points located on a regular 2- or 3dimensional lattice. For the present work, a so-called D3Q15 lattice is used, meaning each point
in three dimensions is linked to neighboring points through fifteen velocity vectors e0 to e14, as
shown in Figure 3.1.
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Figure 3.1

D3Q15 lattice velocities

Each velocity vector, e0 to e14, has a corresponding density distribution function f0 to f14.
The density functions represent portions of a local mass density moving into neighboring cells in
the directions of corresponding discrete velocities. The macroscopic fluid density ρ at each
lattice point is a sum of the distribution functions at that lattice point:
(3.11)

𝜌 = ∑14
𝑖=0 𝑓𝑖

Fluid velocity at the lattice point is a weighted sum of lattice velocities, with distribution
functions being the weight coefficients:
𝒖=

∑14
𝑖=0 𝑓𝑖 𝒆𝑖
∑14
𝑖=0 𝑓𝑖

=

∑14
𝑖=0 𝑓𝑖 𝒆𝑖
𝜌

(3.12)

where fi/ρ ratio can be interpreted as a probability of finding a particle at a given spatial location
with a discrete velocity ei.
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The model is completed by defining a collision operator that defines the evolution of the
density distribution. Using the collision model of Bhatnagar-Gross-Krook (BGK, 1954) with a
single relaxation time, the time evolution of the distribution functions is given by
1

𝑓𝑖 (𝒓 + 𝒆𝑖 𝛥𝑡, 𝑡 + 𝛥𝑡) = 𝑓𝑖 (𝒓, 𝑡) + 𝜏 (𝑓𝑖𝑒𝑞 (𝒓, 𝑡) − 𝑓𝑖 (𝒓, 𝑡)) , 𝑖 = 0 … 14
𝑢

(3.13)

where r and t are the space and time position of a lattice site, Δt is the time step, and τu is the
relaxation parameter for the fluid flow. The relaxation parameter τu specifies how fast each
density distribution function fi approaches its equilibrium fieq. Kinematic viscosity, ν, is related to
the relaxation parameter, τu, the lattice spacing, Δx, and the simulation time step, Δt, by
𝜈=

𝜏𝑢 −0.5 𝛥𝑥 2
3

(3.14)

𝛥𝑡

Depending on whether the model is two- or three-dimensional and given a particular set
of the discrete velocities ei, the corresponding equilibrium density distribution function can be
found (Qian et al., 1992). For the D3Q15 lattice, the equilibrium distribution functions fieq are
𝑒𝑞

𝑓𝑖 (𝒓) = 𝜔𝑖 𝜌(𝒓) (1 + 3

𝒆𝑖 ∙𝒖(𝒓)
𝑐2

+

2
9
(𝒆 ∙𝒖(𝒓))
2 𝑖
𝑐4

−

3
𝒖(𝒓)∙𝒖(𝒓)
2
𝑐2

)

(3.15)

with the lattice velocity c=Δx/Δt and the weights
2

𝑤𝑖 =

9
1
9
1

𝑖=0
𝑖 = 1…6

(3.16)

{72 𝑖 = 7 … 14
Using the Chapman-Enskog expansion (1970), it can be shown that LBM Equations
(3.11-3.13) provide an approximation of the incompressible Navier-Stokes. The Navier-Stokes
equations are:
𝜕𝒖

𝜌 [ 𝜕𝑡 + 𝒖 ∙ 𝛁𝒖 ] = 𝛁 ∙ (𝜇𝛁𝒖)
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(3.17)

(3.18)

𝛁∙𝒖=0

where the μ=νρ is the dynamic viscosity of fluid. The approximation is valid in the limit of low
Mach number M=|u|/cs, with a compressibility error in Equation (3.18) on the order of
∼M2 (Succi, 2001), where the lattice speed of sound is cs = c/√3. Note that the fluid
compressibility used to control pore pressure response is actually considered an error in general
LBM applications. The fluid compressibility can be calculated as:
1

(3.19)

𝛽 = 𝜌𝑐 2
𝑠

where ρ is the fluid density and cs is the lattice speed of sound.
3.2.2.2

Immersed Moving Boundary
The immersed moving boundary (IMB) technique [25-27] allows solid boundaries to

move through the LBM computational grid. The IMB method introduces a subgrid resolution at
the solid-liquid boundaries, resulting in smoothly changing forces and torques exerted by the
fluid on moving particles. The IMB introduces an additional collision operator ΩiS expressing
collisions of solid particles with fluid as
𝑒𝑞
Ω𝑖𝑆 = 𝑓−𝑖 (𝒓, 𝑡) − 𝑓𝑖 (𝒓, 𝑡) + 𝑓𝑖𝑒𝑞 (𝜌, 𝑼𝑆 ) − 𝑓−𝑖
(𝜌, 𝒖)

(3.20)

where US is the rigid body velocity of the particle that includes rotational and translational
velocities.
The time evolution of the density distribution functions in IMB now includes ΩiS
1

𝑓𝑖 (𝒓 + 𝒆𝑖 Δ𝑡, 𝑡 + Δ𝑡) = 𝑓𝑖 (𝒓, 𝑡) + [1 − 𝛽(𝜖, 𝜏)] 𝜏 (𝑓𝑖𝑒𝑞 (𝒓, 𝑡) − 𝑓𝑖 (𝒓, 𝑡)) + 𝛽(𝜖, 𝜏)Ω𝑖𝑆

(3.21)

where the weighting factor β(𝜖,τ) depends on solid coverage 𝜖 and relaxation parameter τ
𝛽(𝜖, 𝜏) =

𝜖
1+

1−𝜖
𝜏−0.5
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(3.22)

Multiple values for β(𝜖,τ) exist, but the value chosen in Equation (3.22) was used from (Strack
and Cook, 2007).
3.2.2.3

Fluid Force and Torque
The total hydrodynamic force exerted by the fluid on a particle is calculated by summing

the momentum change at every lattice cell due to the new collision operator:
𝑆
𝑭𝐹 = ∑𝑛(𝛽𝑛 ∑14
𝑖=0 Ω𝑖 𝒆𝑖 )

(3.23)

The total hydrodynamic torque can then be calculated by:
𝑆
𝑻𝐹 = ∑𝑛(𝒓𝑛 − 𝒓𝑐 ) × (𝛽𝑛 ∑14
𝑖=0 Ω𝑖 𝒆𝑖 )

(3.24)

where rn – rc is the vector from the center of the particle to the center of the lattice cell. Equations
(3.23-3.24) appear in lattice units and need to be multiplied by Δx3/ Δt to convert to physical
units. It should also be noted that the IMB does not resolve detailed particle-fluid interactions
such as lubrication forces although the contact radius of the DEM is usually large enough to
minimize nodal conflicts (Strack and Cook, 2007).
3.2.2.4

Boundary Conditions
The corners created by intersecting platens represent the intersection of two

independently moving boundaries that requires special treatment. To resolve the no slip
boundary conditions in the corners of the domain, the values for the distribution functions were
explicitly stated for lattice points at the corner of two or more walls. Zou and He (1997)
proposed a method to solve for the unknown distribution functions for these boundary nodes. Ho
et al. (2009) derived these equations for both 2D and 3D lattices for certain wall configurations.
By applying this boundary condition explicitly at the corners, the fluid boundary conditions at

44

the corners were consistent. To determine the force exerted on the boundaries, the stress tensor
was integrated over the area of the boundaries (Mei et al., 2002).
3.2.3

Coupled DEM-LBM
For coupling the DEM and the LBM, the LBM calculates the forces exerted on the solid

boundary by the fluid and passes the information to the DEM. Then, the DEM uses the total
force on the solid boundary to integrate the equations of motion for the solid particles. To
visualize the coupling of the DEM and LBM, a screenshot was taken from a sedimentation
simulation with the contributions from each method highlighted in Figure 3.2. The example of
sedimentation illustrates the dominant effects of each component of the coupled system. For
example, in the region where the particles are settling, the DEM inter-particle forces dominate
the fluid forces, resulting in the particle stacking shown in the left insert. However, in the fluid
mixing region shown in the right insert, the LBM fluid forces control the motion of the particles.
The LBM time step Δt is determined from the kinematic viscosity of fluid ν, required grid
resolution Δx, and constraints on the relaxation parameter (τ>0.5) according to Equation (3.14).
The relaxation parameter must be chosen low enough to achieve a sufficient time resolution. An
upper limit on the relaxation parameter is given by the low Mach number constraint. For DEM,
the largest stable time step value is estimated from the smallest particle mass mi and the stiffest
spring ki in the system, given the frequency of fastest oscillations
𝑀𝑎𝑥(𝑘 )

𝜔𝑚𝑎𝑥 = √𝑀𝑖𝑛(𝑚𝑖 )
𝑖

(3.25)

and their time period
2𝜋

𝑇𝑚𝑖𝑛 = 𝜔

𝑚𝑎𝑥
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(3.26)

In this work, the LBM time step is constrained to be greater than or equal to the DEM
time step. Accordingly, the LBM time step is determined first, and then the DEM time step is
adjusted to perform an integer number of substeps before performing the LBM calculation. To
couple the two methods, the DEM first calculates contact forces and torques between the
particles. The LBM then receives locations and velocities of the particles and solves the fluid
equations. The LBM calculates the fluid forces and torques on the particles at the current
positions and adds those forces and torques to the DEM’s contact forces and torques. Finally, the
DEM integrates the equations of motion and updates the locations and velocities of the particles.
During the DEM subcycling, the fluid forces and torques remain constant, and the fluid-solid
boundary does not move. Therefore, care must be taken when deciding the number of DEM
subcycles (Owen et al., 2011).
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Figure 3.2

Diagram showing the coupling of the DEM and LBM. In the LBM (Fluid Phase)
image, each square represents a 5x5 lattice grid demonstrating how the lattice size
compares to particle size

The presented DEM-LBM simulations were performed on the Shadow cluster at the
Mississippi State University High Performance Computing Collaboratory. The research code
used in this study was developed as a collaboration between Mississippi State University and the
US Army Engineer Research and Development Center. The LBM portion of the algorithm was
parallelized using spatial domain decomposition algorithm (Jelinek et al., 2013).
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3.3

Model Setup and Input Parameters
To investigate the ability of the LBM to properly impose the undrained constraint, a two-

dimensional biaxial test is simulated using the coupled DEM-LBM model as well as a DEM-only
constant volume (DEM-CV) model. The focus in this study is on the biaxial test, which involves
highly confined loading of dense particle systems that display significant dilation. The biaxial
DEM-only simulation is especially well suited as a reference for the present DEM-LBM
investigation because in the reference simulation, the boundary displacements were imposed to
maintain the constant domain volume, thus approximating the undrained condition in absence of
a fluid phase. In systems such as the biaxial test, the compressibility of the fluid phase is critical
to achieving realistic undrained conditions. The incompressibility condition is only approximated
in the LBM and is tied to the simulation time step and grid spacing. The issue investigated in this
study is whether the LBM compressibility is sufficiently small to represent the undrained loading
with specific fluid compressibility. The following sections show that the LBM can effectively
model realistic fluid behavior. The biaxial test requires a simple computational domain that is
easily discretized by the LBM grid and in which the undrained condition can be simulated either
by coupling the DEM to the LBM or by applying displacement boundary condition. The
idealized boundary conditions imposed by eliminating volume change through the boundary
displacement represent the benchmark against which the efficacy of the LBM model of the fluid
phase is assessed.
To model the biaxial specimen, 9409 particles with radii between 0.71 µm and 1.42 µm
were loosely placed inside the DEM-only domain. This placement was followed by a
compressive consolidation with external stress applied equally to all four-boundary walls. The
final dimensions of the walls were 101.5 µm x 101.5 µm. After reaching equilibrium under the
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desired confining stress, the LBM fluid was introduced into the calculation, and the boundary
conditions shown in Figure 3.3 were imposed. Note that in Figure 3.3, the boundary stress
condition is actually a force-controlled displacement condition applied though rigid walls; the
force applied to the wall is the average stress component perpendicular to the wall times the
contact area. To use the 3D LBM with D3Q15 lattice shown in Figure 3.1, a periodic boundary
condition was used in the in plane (z) direction with enough spacing to minimize in-plane
stresses. The spherical particles are embedded in the LBM grid giving a 3D geometrical
configuration that creates flow paths around the spheres. Therefore, the fluid regime is threedimensional. However, given that particle centers are aligned along the x-y plane, the fluid force
in the z-direction is negligible and does not create any particle instability. No-slip boundary
conditions were applied for the fluid velocities at the walls. For the biaxial test, the vertical walls
have an imposed velocity, and the velocity of the horizontal wall is determined by the interaction
of the fluid and particle stresses on the wall. For the B-value test, an external stress is applied to
each wall, and the resulting velocity of the wall is governed by the total stresses of the system.
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Figure 3.3

Boundary conditions and particle configurations for the a) Biaxial Test and b) Bvalue Test where σc is a compressive stress and VN is a normal velocity. Note that
periodic boundary conditions were used in the z-direction

At the shearing stage of the biaxial test, the initial confining stress is applied to all four
walls while a displacement boundary condition is applied to the top and bottom boundaries via a
normal velocity VN. Once the top and bottom walls start moving, the fluid resists volume
decrease by exerting stress on the left and right boundaries. For comparison purposes, the DEMCV simulation was also performed in which the left and right boundaries were displaced at a rate
that maintained a constant domain volume in a manner similar to Peters and Walizer (2013).
The initial particle configuration for this work was taken from Peters and Walizer (2013)
effort that investigated dilative material under constant-volume conditions in a biaxial test
configuration. The large domain size in the referenced work resulted in stability problems when
choosing appropriate parameters for the LBM. To keep the Reynolds number low, the system
size from (Peters and Walizer, 2013) was scaled down and a set of parameters from Table 3.1
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was applied. The DEM simulations exhibit a dimensionless behavior with respect to the particle
and domain sizes. Coupled simulations were performed for varying LBM grid sizes, with the
grid spacing set to at least 6 LBM cells per particle. Also, the rigid walls are assumed to be
frictionless so that the forces between the particles and walls are purely normal forces (Peters
and Walizer, 2013).
Table 3.1

Model parameters used for the DEM-LBM simulations
Property
Maximum diameter
Minimum diameter
Normal stiffness
Shear stiffness
Coefficient of restitution
Inter-particle friction
Initial height
Initial length
Initial porosity
Fluid viscosity
Fluid density
Grid spacing

3.4

Units
µm
µm
N/m
N/m
----µm
µm
--Pa-s
kg/m3
µm

Value
1.42
0.71
1.43E-2
2.86E-3
0.1
0.5
101.5
101.5
0.15
0.00112
1000.0
0.123

Results
To better understand the effects of the LBM compressibility on the biaxial simulation,

Skempton’s pore pressure parameter B was first simulated and then computed for the coupled
DEM-LBM system. The DEM-LBM model of the biaxial test was then used to investigate the
effects of fluid compressibility and particles size. For each case, the results were compared
against those attained from the DEM-CV model. The results are presented and discussed in the
following sections. The effective stress path invariants are used to represent the stress history of
the system for the biaxial case:
𝑝′ =

𝜎1 +𝜎2
2
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(3.27)

𝑞=

𝜎1 −𝜎2
2

(3.28)

where σ1 is the most-compressive principal stress and σ2 is the least-compressive principal stress.
3.4.1

B-value Test
Skempton’s pore pressure parameter B is an important property that describes the pore

pressure response in an undrained porous medium under changes in total stresses. The B-value
test is a type of compression test where the response of the fluid can be evaluated. The test is
used in laboratory to assess saturation of a specimen before shearing it. Theoretically, the Bvalue is defined to be the ratio of the induced pore pressure increment to the change in total
hydrostatic stress increment for undrained conditions (Skempton, 1954). In this study, the Bvalue test was numerically simulated by applying an equal confining stress to all walls around
the initial particle domain, including the LBM fluid, as shown in Figure 3.3b. These applied
stresses are total stresses. The average hydrodynamic stress was computed by integrating the
values of fluid pressure at the walls. The B-value was determined as the ratio of the averaged
hydrodynamic stress to the applied total stress. The B-value test was performed for different
values of LBM compressibility, as calculated by Equation (3.19), to understand the convergence
of the LBM pressure response with respect to lattice compressibility. The compressibility of the
LBM fluid was varied by keeping the grid spacing and fluid viscosity constant while changing
the time step and the lattice relaxation parameter. The simulated time for B-value tests was
chosen long enough for the forces exerted on the boundaries to reach a steady state value.
To calculate the B-value of the DEM-LBM system, the average hydrodynamic stress
exerted on the four boundaries was determined. The forces exerted on the walls initially oscillate,
but after a long enough simulation time, the oscillations settle to a steady state value as shown in
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Figure 3.4a. As expected, by decreasing the LBM compressibility, the B-value approaches the
value of unity as seen in Figure 3.4b. A theoretical B-value was calculated by determining the
soil’s compressibility under the same loading conditions except without the fluid. The obtained
value was then used with the LBM compressibility to determine a theoretical B-value. The
results for this comparison are shown in Table 3.2.

Figure 3.4

Results from the B-value test. a) Average hydrodynamic forces on the confining
walls. b) B-value versus LBM compressibility showing the convergence of the Bvalue for the system

Table 3.2

Comparison of the DEM-LBM and a theoretical B-value

Fluid Compressibility (1/Pa)
9.65E-7
2.70E-6
7.39E-6
1.50E-5
2.40E-5

DEM-LBM B-Value
0.94
0.91
0.85
0.75
0.68

53

Theoretical B-Value
0.998
0.994
0.982
0.965
0.946

3.4.2

Effects of Fluid Compressibility in Biaxial Simulation
The stress paths and stress ratio versus strain plots for the simulations are shown in

Figure 3.5a. The plots are annotated with the DEM-LBM B-values from Table 3.2. Two main
regions were of interest for the biaxial simulation. At the strain values lower than 4%, the stress
path and the stress ratio for the DEM-LBM system had a strong dependence on the B-value of
the system. As expected, for lower values of B, the system behaved more like a drained system.
By decreasing the LBM compressibility, thus increasing the B-value, the DEM-LBM converged
to the values generated by the DEM-CV model. Figure 3.5 depicts the importance of imposing a
large enough B-value to capture the initial behavior of the system.

Figure 3.5

a) Stress path plot for low values of strain (4%) showing the effects of LBM
compressibility. Note that each marker represents 0.5% increments of strain. b)
Stress ratio versus strain plot for the first 4% of strain

After reaching 4% of strain, the DEM-LBM showed slightly larger values of stress than
the DEM-CV model. Although the stresses for small values of stress differ greatly depending on
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the B-value, the DEM-LBM model shows relatively good agreement after 4% strain for varying
values of B as shown in Figures 3.6 and 3.7.

Figure 3.6

Stress path plot for the full simulation at 3 different B-values

Figure 3.7

Stress ratio plots for the full simulation
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To analyze the differences in the stress values between the DEM-CV and DEM-LBM
models for larger strain, plots for vectors of the velocity field and interparticle stresses were
generated, as seen in Figures 3.8 and 3.9. When comparing the results of these plots, the shearing
zones from the DEM-CV model are better delineated and more abundant than those from the
DEM-LBM model, possibly explaining differences in the stress paths. Shear band formation was
identified as linear regions where there are discontinuities in particle velocities. These regions
are delineated by black lines shown in Figure 3.8.

Figure 3.8

Velocity vector for the particles at 10% strain for a) DEM-CV and b) DEM-LBM.
The solid black lines shown in the figure represent the locations of shear bands
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Figure 3.9

Interparticle stress at 10% strain for a) DEM-CV and b) DEM-LBM. The solid
black lines shown in the figure represent the locations of shear bands

The pore water pressure is plotted in Figure 3.10. The plotted values represent the
average fluid pressure in the system. The initial pore pressure is approximately 170 Pa. Since the
pore water pressure rises and then begins to drop below the initial pore pressure, the system
shows sign of over-consolidation. These results agree with those of Figures 3.6 and 3.7.
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Figure 3.10

3.5

Average pore water pressure versus strain. Note the initial pore pressure of the
system is about 170 Pa

Discussion
The most interesting and important result from the simulations is the effect of the fluid’s

compressibility on how well the model conserves volume and follows the correct stress path. The
role of the fluid’s compressibility can clearly be seen in Figure 3.5, where decreasing the fluid’s
compressibility allows the system to better match the DEM only undrained simulation. Another
interesting discovery is that the B-value corresponding to the LBM’s compressibility is much
lower than the theoretical B-value for the respective compressibility, as shown in Table 3.2.
The differences in the stress plots for the DEM-CV and the DEM-LBM at large strains
can be attributed to the formation of shear bands. The formation of a shear band is accompanied
by strain softening along the band, which affects the stress in the entire domain. The local nature
of the constant-volume constraint appears to limit the distribution of shear localization. When the
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constant volume constraint is imposed at the boundaries, volume changes are possible within the
domain. When volume is constrained locally, particle migration is limited. Since the DEM-CV
conserves the volume globally by enforcing specific boundary conditions and the DEM-LBM
conserves volume locally, the systems showed slightly different behavior. The DEM-CV
simulation forms very distinct shear bands with higher intensity and abundance than the DEMLBM. The DEM-LBM did show shear band formation in the simulation, but there were not as
many shear bands formed. By studying Figures 3.8 and 3.9, the DEM-LBM model shows a more
uniform distribution of the stress and deformation resulting in less locality and larger average
stress values.
The study was performed using larger and smaller sized particles, showing the invariance
of behavior with respect to problem dimensions. The size of the system greatly influenced the
appropriate fluid properties for the LBM, and the smaller particles resulted in more physically
realistic fluid properties. However, the general behavior of both systems was very similar and
does not seem to depend on the physical size or the specific fluid properties, but rather on the
dimensionless parameters such as B-value and Reynolds number. Of course, the dimensional
invariance is the result of having no-flow conditions on all boundaries. In application problems,
where drainage can occur, the particle dimensions would affect the apparent Darcy permeability
and greatly change the obtained response. The initial area of the stress path is dominated by the
LBM compressibility. The final portion of the stress path differs when compared to the DEMCV model, which can be attributed to the development of shear bands.
The main goal of this study was to show the capabilities of the coupled DEM-LBM
model, and how this model could effectively simulate a fluid undergoing a compressive load
while conserving volume and accurately calculating the stress path of the system. To the best of
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the authors’ knowledge, no other model has been used for this type of problem, and the DEMLBM shows a promising capability to solve other geomechanical problems of this nature.
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CHAPTER IV
MICROMECHANICAL MODELING OF DISCONTINUOUS SHEAR THICKENING IN
GRANULAR MEDIA-FLUID SUSPENSION
This chapter has been published as an article in the Journal of Rheology (Johnson, D.H.,
Vahedifard, F., Jelinek, B. and Peters, J.F., 2017. Micromechanical modeling of discontinuous
shear thickening in granular media-fluid suspension. Journal of Rheology, 61(2), pp.265-277).
The paper has been reformatted and replicated herein with minor modifications in order to outfit
the purposes of this dissertation.
4.1

Introduction
Shear thickening in a fluid occurs when the viscosity of the fluid increases as the applied

shear stress or strain rate increases. Shear thickening is often observed in colloidal dispersions
and densely packed suspensions (Barnes, 1989; Wagner and Brady, 2009; Brown and Jaeger,
2012; Fernandez et al., 2013; Heussinger, 2013; Seto et al., 2013; Brown and Jaeger, 2014;
Wyart and Cates, 2014; Mari et al., 2015). At specific strain rate levels, the jump in viscosity can
be discontinuous and quite dramatic. Shear thickening materials are important in the fields of
shock absorption and dampers. These types of materials have been used to increase body armor
strength and energy absorption (Lee et al., 2003). The drastic increase in resistance leads to
problems in industrial processing, such as jamming in extrusion through small openings (Brown
and Jaeger, 2014). Shear thickening can be masked by a yield stress increase caused by particle
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surface interactions, electric and magnetic fields, and boundary confinement (Brown et al.,
2010).
The shear thickening can appear in continuous, inertial, and discontinuous form.
Continuous shear thickening describes the increase in viscosity at low particle packing fractions,
φ, and is generally mild, with only a few percent increase in viscosity (Wagner and Brady, 2009;
Nazockdast and Morris, 2012). Inertial shear thickening, observable even in simple Newtonian
fluids such as water, occurs when the strain rate is increased to very high values, and the increase
in viscosity does not strongly depend on the solid fraction. Discontinuous shear thickening
(DST) happens when the viscosity of the system suddenly increases by orders of magnitude with
increasing stress. The transition from continuous to discontinuous shear thickening for nonBrownian suspensions is an important but not well-understood phenomenon (Jiang et al., 2015).
Peters et al. (2016) investigated the relationship between shear jamming and the onset of DST.
An example of this type of shear thickener is a cornstarch-water mixture (Brown and Jaeger,
2012).
Recently, several experimental or numerical studies observed and investigated shear
thickening (e.g., (Brown and Jaeger 2012; Heussinger, 2013; Seto et al., 2013; Wyart and Cates,
2014; Mari et al., 2015)). Brown and Jaeger (2012) completed experiments showing the effects
and behaviors of discontinuous shear thickening. DST occurs at a stress range that is mostly
independent of solid packing fraction, φ (Brown and Jaeger, 2009). The sudden increase of
viscosity only occurs once φ reaches 0.5 for nearly spherical particles (Maranzano and Wagner,
2001), and DST is generally reversible. Important phenomena involved in DST include force
chain formation and dilation. Force chains are discrete chainlike particle groups that carry the
stronger normal contact forces and tend to align along principal stress trajectories (Peters et al,
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2011, Tordesillas et al., 2011). Under simple shear conditions such as in shear bands or at the
steady state condition in a parallel plate rheometer, the force chains create groups of jammed
particles that transmit forces in direction corresponding to the applied shear (Cates et al., 1998).
When a granular material is sheared, the particles must move around each other and take up
more volume than when settled, resulting in dilation (Brown and Jaeger, 2012).
Modeling of DST has focused in the areas of colloidal dispersions (Wagner and Brady,
2009). Other continuum-based models using phenomenological constitutive equations have been
used to model DST (Nott and Brady, 1994; Brown and Jaeger, 2012). Bian et al. (2014) used
smooth particle hydrodynamics to simulate the behavior of a suspension of particles. However,
continuum modeling of DST poses a complex solid-fluid interaction problem, the physics of
which is better suited to discrete simulations of interparticle interactions in micro-scale. Recent
work has been done on modeling DST with contact laws, such as the DEM, that include a
hydrodynamic force term, which models the fluid phase (Fernandez et al., 2013; Wyart and
Cates, 2014; Ness and Sun, 2016). Mari et al. (2015) modeled shear thickening for Brownian
suspensions by using a model that included contact laws, hydrodynamic lubrication forces,
repulsive forces, and Brownian forces. However, these recent models do not model the fluid as a
separate phase. To the authors’ knowledge, such a micromechanical multiphase model has not
been developed in any of the previous studies of shear thickening fluids.
To model both phases independently, we have developed a numerical model by coupling
the DEM with the LBM to investigate DST mechanics at the particle scale. The DEM is used to
locally and discretely solve the inter-particle interactions, whereas the LBM calculates the
hydrodynamic contribution of the fluid. The DEM-LBM model creates a micromechanical model
that can locally determine the inter-particle interactions and fluid-particle interaction to globally
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reproduce the observed shear thickening behavior. Instead of using an averaged effect of the
particle interactions, interactions among particles are treated discretely. The potential of the
proposed numerical model is demonstrated by comparison with the parallel plate rheometry
experiment by Brown and Jaeger (2012). The DEM-LBM model is used to predict the viscosity
of the system being sheared. The simulation is performed over a range of shear stresses to
capture the stress scale, and for a different number of packing fractions to observe the
discontinuity in bulk viscosity as the shear rate is increased. Other parameters such as particlewall contact stiffness and inter-particle friction are also studied to determine their impact on
dilative behavior. Previous modeling efforts have shown the effects of solid fraction and particle
friction (Fernandez et al., 2013; Heussinger, 2013; Seto et al., 2013). Although the experimental
tests reported by Brown and Jaeger (2012) showed that increasing boundary stiffness would
increase the maximum shear stress that exhibits shear thickening, the current DEM-LBM
modeling is the first, to the authors’ knowledge, to present this phenomenon with a systematic
variation of the wall stiffness.
4.2

Formulation and Implementation of the DEM-LBM Model
In recent years, coupling the DEM and the LBM has become a well-established method

for solving many fluid-particle interaction problems in geomechanics (e.g., (Feng et al., 2010;
Hand and Cundall, 2013; Lominé et al., 2013; Sun et al., 2013). In this coupled method, the
DEM resolves the inter-particle interactions, and the LBM solves the Navier-Stokes equations
for fluid flow. Feng et al. (2010) used the DEM-LBM to model a vacuum dredging system for
mineral recovery, where particles were pulled through a suction pipe at turbulent Reynolds
numbers. Lomine et al. (2013) used the DEM-LBM to model piping erosion. In these
simulations, 2D discs were placed in a rectangular domain, and a pressure gradient was applied
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to cause the flow of the fluid. The DEM-LBM is useful because both methods are local and
employ explicit time integration, making them particularly suitable for parallelization (Jelinek et
al., 2013).
The following sections briefly discuss the DEM and LBM formulations, boundary
conditions, and coupling between the DEM and LBM which were used in this study. In general,
the LBM calculates the forces exerted on the solid boundary by the fluid and passes the
information to the DEM. Then, the DEM uses the total force on the solid boundary to integrate
the equations of motion for the solid particles.
4.2.1

Discrete Element Method
The DEM is a robust numerical method that was originally developed by Cundall and

Strack (1979) to simulate dry granular materials. Since then, the method and its subsequent
developments have been extensively used for simulating various problems in geomechanics. The
DEM treats particles as distinct interacting bodies that are governed locally by contact laws that
control particle interpenetration and dissipate energy. These contact laws can be determined by
independent laboratory investigations as described by Cole and Peters (2008). An example of a
contact law is the power law model that is evaluated for contact overlap (Owen et al., 2011) and
is written as:
𝐹𝑁 = 𝐾𝑁 𝛿𝑛𝑚

(4.3)

where m=1 for the linear contact law, and m is a power law parameter for the power law model.
KN is the normal stiffness and δ is the penetration distance. In this study, simple linear contact
laws are used, but with differing moduli for loading and unloading to represent the energy
dissipation.
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After determining the contact forces on each particle, the particle velocity and angular
rotation are determined by integrating Newton’s equations of motion. The equations of motion
are expressed as:
𝑚

𝜕𝑣𝑖
𝜕𝑡

𝑁

𝑔

𝑐
= 𝑚𝑔𝑛𝑖 + ∑𝑐=1
𝑓𝑖𝑐 + 𝐹𝐹

(4.2)

and
𝐼𝑚 𝜌

𝜕𝜔𝑖
𝜕𝑡

𝑁

𝑁

𝑐
𝑐
= ∑𝑐=1
𝑒𝑖𝑗𝑘 𝑓𝑗𝑐 𝑟𝑘𝑐 + ∑𝑐=1
𝑀𝑖𝑐 + 𝑇𝐹

(4.3)

where m and Im are the particle mass and moment of inertia respectively, gnig the acceleration of
gravity, fic and Mic the forces and moments applied at the contacts, FF and TF are the
hydrodynamic force and torque, respectively, and Nc the number of contacts for the particle. The
third term in Equation (4.3) represents the contribution of rolling resistance to model the effects
of shape for non-spherical particles (Tordesillas et al., 2011). However for the STF simulations,
spherical particles were modeled, and this term is equal to zero. Following Peters et al. (2005),
the particle stress tensor and the average continuum stress in the solid fraction are defined as:
1

𝑐

𝑐 𝑐
𝜎𝑖𝑗𝑝 = 𝑉 ∑𝑁
𝑐=1 𝑓𝑖 𝑟𝑗

(4.4)

𝑝

1

𝑝

𝑝
𝜎̅𝑖𝑗 = 𝑉 ∑𝑁
𝑝=1 𝑉𝑝 𝜎𝑖𝑗 =

𝑉𝑠
𝑉

〈𝜎𝑖𝑗𝑝 〉

(4.5)

where V is the total volume, Vp is the volume of each particle, Vs is the total particle volume, Nc
is the number of contacts, Np is the number of particles, fic is the ith component of the force
acting at the contact, rjc is the jth component of the radius vector from the center of the particle to
the contact. The particle stresses are useful for identifying the particles transmitting higher than
average loads through force chains. The principal stresses of each particle are calculated by
finding the eigenvalues of the stress tensor. When showing force chains, the maximum
(compressive) value of the principal stresses is used. The average continuum stress is useful for
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investigating the stress history of the system in the form of a stress path plot of the intergranular
stress, p, and the deviatoric stress, q, which are defined as:
𝑝=

𝑞=

1
√2

𝑆1 +𝑆2 +𝑆3
3

√(𝑆1 − 𝑆2 )2 + (𝑆1 − 𝑆3 )2 + (𝑆2 − 𝑆3 )2

(4.6)
(4.7)

where S1 , S2, and S3 are the principal stresses of the average stress tensor. In the following
sections, the soil mechanics convention of taking compression as positive is used. Thus, when
dilation occurs it is a negative volume change that will produce a positive boundary stress which
is compressive.
4.2.2
4.2.2.1

Lattice Boltzmann Method
Density Distribution Functions and Their Time Evolution
The LBM is a simulation technique commonly used for solving fluid flow and transport

equations (e.g., (Succi, 2001; Rothman and Zaleski, 2004; Sukop, 2006). The LBM is developed
based on Boltzmann’s equation (Boltzmann, 1872), which was derived from the gas kinetic
theory. In this method, a collision operator is employed to describe the time and spatial evolution
of a distribution function of particles. Boltzmann’s equation has a direct relationship with the
Navier–Stokes equations (Chapman and Cowling, 1991). The LBM characterizes the fluid at
points located on a regular d-dimensional lattice. For a lattice representation DdQz, each point in
the d-dimensional lattice links to neighboring points with z links that correspond to velocity
directions. For example, the D3Q15 lattice in three dimensions uses fifteen velocity vectors e0 to
e14, as shown in Figure 4.1.
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Figure 4.1

D3Q15 lattice velocities. The distribution functions in parenthesis are in the
negative z-direction. Distribution functions f5 and f6 are positive and negatives in
the z-direction, respectively

The primary variable of the LBM is the density distribution function fi. For the D3Q15
lattice shown in Figure 4.1, density distribution functions f0 to f14, corresponding to velocity
vectors e0 to e14, represent portions of a local mass density moving into neighboring cells in the
directions of discrete velocities. The macroscopic fluid density ρ at each lattice point is a sum of
the distribution functions at that lattice point:
(4.8)

𝜌 = ∑14
𝑖=0 𝑓𝑖
Fluid velocity at the lattice point is a weighted sum of lattice velocities, with distribution
functions being the weight coefficients:
𝑢=

∑14
𝑖=0 𝑓𝑖 𝑒𝑖
∑14
𝑖=0 𝑓𝑖

=

∑14
𝑖=0 𝑓𝑖 𝑒𝑖
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𝜌

(4.9)

where fi/ρ ratio can be interpreted as a probability of finding a particle at a given spatial location
with a discrete velocity ei.
Using the collision model of Bhatnagar-Gross-Krook (BGK, 1954) with a single
relaxation time, the time evolution of the distribution functions is given by
1

𝑓𝑖 (𝑟 + 𝑒𝑖 𝛥𝑡, 𝑡 + 𝛥𝑡) = 𝑓𝑖 (𝑟, 𝑡) + 𝜏 (𝑓𝑖𝑒𝑞 (𝑟, 𝑡) − 𝑓𝑖 (𝑟, 𝑡)) , 𝑖 = 0 … 14
𝑢

(4.10)

where r and t are the space and time position of a lattice site, Δt is the time step, and τu is the
relaxation parameter for the fluid flow. The relaxation parameter τu specifies how fast each
density distribution function fi approaches its equilibrium fieq. Kinematic viscosity, ν, is related to
the relaxation parameter, τu, the lattice spacing, Δx, and the simulation time step, Δt, by
𝜈=

𝜏𝑢 −0.5 𝛥𝑥 2
3

(4.11)

𝛥𝑡

Depending on the dimensionality d of the modeling space and a chosen set of the discrete
velocities ei, the corresponding equilibrium density distribution function can be found (Qian et
al, 1992). For the D3Q15 lattice, the equilibrium distribution functions fieq are
𝑒𝑞

𝑓𝑖 (𝑟) = 𝜔𝑖 𝜌(𝑟) (1 + 3

𝑒𝑖 ∙𝑢(𝑟)
𝑐2

+

2
9
(𝑒 ∙𝑢(𝑟))
2 𝑖
𝑐4

−

3
𝑢(𝑟)∙𝑢(𝑟)
2
𝑐2

)

(4.12)

with the lattice velocity c=Δx/Δt and the weights
2

𝜔𝑖 =

9
1
9
1

𝑖=0
𝑖 = 1…6

(4.13)

{72 𝑖 = 7 … 14
Using the expansion proposed by Chapman and Cowling [38], it can be shown that LBM
Equations (4.8-4.13) provide an approximation of the incompressible Navier-Stokes Equations
(4.14-4.15) without external forces:
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𝜕𝑢

𝜌 [ 𝜕𝑡 + 𝑢 ∙ ∇𝑢 ] = ∇ ∙ (μ∇u)

(4.14)

∇∙𝑢 =0

(4.15)

where the μ=νρ is the dynamic viscosity of fluid. This approximation is valid in the limit of low
Mach number M=|u|/cs, where cs = c/√3 is the lattice speed of sound.
4.2.2.2

Immersed Moving Boundary
The immersed moving boundary (IMB) technique (Noble and Torczynski, 1998; Strack

and Cook, 2007; Owen et al., 2011) allows solid boundaries to move through the computational
grid. The IMB method introduces a subgrid resolution at the solid-liquid boundaries, resulting in
smoothly changing forces and torques exerted by the fluid on moving particles. The IMB
introduces an additional collision operator ΩiS expressing collisions of solid particles with fluid
as
𝑒𝑞
Ω𝑖𝑆 = 𝑓−𝑖 (𝑟, 𝑡) − 𝑓𝑖 (𝑟, 𝑡) + 𝑓𝑖𝑒𝑞 (𝜌, 𝑈𝑆 ) − 𝑓−𝑖
(𝜌, 𝑢)

(4.16)

The time evolution of the density distribution functions in IMB includes ΩiS
1

𝑓𝑖 (𝒓 + 𝒆𝑖 Δ𝑡, 𝑡 + Δ𝑡) = 𝑓𝑖 (𝒓, 𝑡) + [1 − 𝛽(𝜖, 𝜏)] 𝜏 (𝑓𝑖𝑒𝑞 (𝒓, 𝑡) − 𝑓𝑖 (𝒓, 𝑡)) + 𝛽(𝜖, 𝜏)Ω𝑖𝑆 (4.17)
where the weighting factor β(ε,τ) depends on solid coverage ε and relaxation parameter τ and i =
0,1, …, 14.
𝛽(𝜖, 𝜏) =

4.2.2.3

𝜖
1+

1−𝜖
𝜏−0.5

(4.18)

Fluid Force and Torque
The total hydrodynamic force exerted by the fluid on a particle is calculated by summing

the momentum change at every lattice cell due to the new collision operator:
𝑭𝐹 =

Δ𝑥 3
Δ𝑡

𝑆
∑𝑛(𝛽𝑛 ∑14
𝑖=0 𝛀𝑖 𝒆𝑖 )
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(4.19)

and the total hydrodynamic torque can then be calculated by:
𝑻𝐹 =

Δ𝑥 3
Δ𝑡

𝑆
∑𝑛(𝒓𝑛 − 𝒓𝑐 ) × (𝛽𝑛 ∑14
𝑖=0 𝛀𝑖 𝒆𝑖 )

(4.20)

where rn – rc is the vector from the center of the particle to the center of the lattice cell.
It should be noted that the current DEM-LBM model does not explicitly account for
lubrication forces, so the LBM does not resolve the detailed particle-fluid-particle interactions
for small gaps. Feng and Michaelides (2004) resolved this phenomenon by applying a strong
repulsive force if the gap between two particles becomes smaller than a given threshold value.
Alternatively, a “buffer zone” can be introduced at the location of the DEM contacts, where the
contact radius is marginally larger than the physical radius, and the effects of nodal conflicts can
be minimized (Owen et al., 2011). Nevertheless, the DEM-LBM model presented here shows
good agreement with experimental data, suggesting that the effect of lubrication force in the
corresponding physical experiment can be considered negligible, although considerable study
remains to be done on lubrications effects.
4.2.3

Coupled DEM-LBM
The LBM time step Δt is determined from the kinematic viscosity of fluid ν, required grid

resolution Δx, and constraints on the relaxation parameter (τ>0.5) according to Equation (4.11).
The relaxation parameter must be chosen low enough to achieve a sufficient time resolution. An
upper limit on the relaxation parameter is given by the low Mach number constraint. For DEM,
the largest acceptable time step value is determined from the smallest particle mass mi and the
stiffest spring ki in the system, given the frequency of fastest oscillations
𝑀𝐴𝑋(𝑘 )

𝜔𝑚𝑎𝑥 = √𝑀𝐼𝑁(𝑚𝑖 )
𝑖

and their time period
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(4.21)

2𝜋

𝑇𝑚𝑖𝑛 = 𝜔

𝑚𝑎𝑥

(4.22)

In this work, the LBM time step is constrained to be greater than or equal to the DEM
time step. Accordingly, the LBM time step is determined first, and then the DEM time step is
adjusted to perform an integer number of substeps before performing the LBM calculation.
During the DEM subcycling, the fluid forces and torques remain constant, and the fluid-solid
boundary does not move. Therefore, care must be taken when deciding the number of DEM
subcylces (Owen et al., 2011). The DEM integrates the equations of motion, using the Velocity
Verlet method. The sub-cycling process and updating of forces for each method can be seen in
Figure 4.2.

Figure 4.2

Diagram showing the sub-cycling process and updating of particle forces between
the DEM and LBM

72

Figure 4.3

Experimental setup of a standard parallel plate rheometer

The DEM-LBM simulations completed in this study were performed on the Shadow
cluster at the Mississippi State University High Performance Computing Collaboratory. The
LBM portion of the algorithm was parallelized using spatial domain decomposition algorithm, as
described in (Jelinek et al., 2013). Average computational time for the simulation utilizing 128
Intel Xeon E5-2680 v2 processor cores was 72 hours.
4.3

Numerical Simulation of Shear Thickening and Validation
To investigate the validity of the proposed numerical model for simulating shear

thickening, the results from the DEM-LBM model are compared against experimental results
reported by Brown and Jaeger (2012). As shown in Figure 4.3, the experiments of Brown and
Jaeger (2012) were performed using a parallel plate rheometer. A shear stress, or strain rate, was
applied to the top plate, which caused the shearing motion, and the global resistance of the
system was measured using the following equation,
𝜏

𝜂 = 𝛾̇
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(4.23)

where η is the viscosity or mechanical resistance, τ is the shear stress, and 𝛾̇ is the strain rate. A
stress above the shear-thickening domain was applied for at least 100 s, and then the stress was
ramped down to the desired value. To reach a steady state, a ramp rate of 500 s per decade of
stress was used. By measuring the velocity of the plate, the global viscosity of the system was
calculated by Equation (4.23).
Brown and Jaeger (2012) completed experiments for different particle sizes, solid
fractions, and fluid types. For the DEM-LBM simulations, the 150 µm ZrO2 spheres immersed in
mineral oil with a gap length of 890 µm and solid fraction, φ, of 0.53 was studied. By knowing
the solid fraction, gap height, and particle radius, the number of particles was calculated. To
create an initial configuration, the particles were first loosely packed, compressed to final
dimensions, and allowed to settle to gravity. A sufficient amount of time was simulated to allow
the damping of particle velocities to very small values. After achieving the stable initial
configuration, the desired shear stress was applied to the top wall with the velocity of the wall
being calculated by the DEM-LBM model. Spikes in the velocity profile due to random
instabilities of particle contacts were smoothed out by time averaging before the viscosity values
were calculated.
Most of the parameters used in the DEM-LBM model were specified by the experimental
data reported by Brown and Jaeger (2012) and can be seen in Table 4.1. The DEM parameters in
Table 4.2 were not explicitly available from experimental data, so the initial values of these
parameters were chosen by calibrating the model with the experimental data for the largest
values of applied stress. The LBM parameters such as lattice spacing and relaxation parameter
were chosen as reasonable values for the simulations. For example, the relaxation parameter
must be above 0.5 and low enough that the simulation is stable. The grid spacing was chosen in
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order to provide an accurate enough representation of the spherical particle boundary. The
particle normal stress, particle shear stress, and coefficient of restitution parameters were chosen
so that particles behaved reasonably, without large overlap when in contact. The remaining
parameters were adjusted to fit the experimental data. The effects of these parameters will be
examined. Initial values for parameters such as wall stiffness, particle friction coefficient, and
wall friction coefficient were discussed by Brown and Jaeger (2012). The experimental data
suggested that it was unnecessary to account for polydispersity, thus all particles in the DEMLBM model have the same radius. However, the value for the wall stiffness parameter was
difficult to initialize; therefore, trial and error calibration was used to best fit the experimental
data for the highest values of applied stress. Not knowing an appropriate starting value for the
boundary stiffness led to the parametric study for wall stiffness. The effects of varying the wallparticle stiffness and particle-particle friction terms are examined in the parametric study. The
results were most sensitive to changes in these two parameters.
Table 4.1

Input parameters from the shear thickening experiment (data from Brown and
Jaeger, 2012)
Property
Particle Radius
Particle Density
Gap Height
Fluid Viscosity
Fluid Density
Solid Fraction

Units
µm
kg/m3
µm
Pa-s
kg/m3
---
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Value
75
3900
890
0.058
870
0.53

Table 4.2

Input parameters used in the DEM-LBM model
Property
Particle Normal Stiffness
Particle Shear Stiffness
Coefficient of Restitution
Particle-Particle Friction
Wall Normal Stiffness
Wall Shear Stiffness
Wall-Particle Friction
Relaxation Parameter
Lattice Spacing

Units
N/m
N/m
----N/m
N/m
----µm

Value
1000
200
0.2
0.8
0.5
0.1
0.8
0.9
18.5

The total volume of the system was established by setting the length of the loading
direction to four times the gap height to avoid correlation effect from the periodic boundary
condition. The depth of the system was set equal to the gap height. The number of simulated
particles was 845. The LBM grid dimensions were 192×50×48 for the loading, gap height, and
the depth direction, respectively. These grid dimensions impose 8 lattice cells per particle
diameter. The gap height included two more cells for the walls.
For the DEM-LBM model, the following approximations were used to simplify the
model. The periodic boundary conditions were applied in the loading direction (x-axis) and in
the thickness direction (z-axis), what is reasonable as long as the diameter of the plate is large
relative to its height. By using periodic boundaries, the end effects, such as surface tension or
solid wall confinement are assumed to be negligible. Also, the fluid phase for the suspension was
assumed to behave as a Newtonian fluid. From the experimental data, the Reynolds number was
always kept below 100 to avoid inertial effects. A no slip boundary condition is applied for the
fluid flow at all particle’s boundaries and the wall boundaries. The experimental setup shown in
Figure 4.3 was modeled with a rectangular domain with dimensions of 3.56 mm, 0.89 mm, and
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0.89 mm representing the x, y, and z-directions. The geometry and boundary conditions for the
DEM-LBM model can be seen in Figure 4.4.

Figure 4.4

Boundary conditions used for the DEM-LBM model. As shown, the top wall has
an applied shear stress boundary condition, the bottom wall is fixed. Periodic
boundary conditions (PBC) are applied in both x and z-directions. Both the top and
bottom wall are flat plates with a friction parameter of 0.8. The LBM splits the
domain into 192×50×48 lattice points in x, y, and z-directions

To fully evaluate the DEM-LBM model, several values of applied shear stress were
chosen to span the range of the experimental data. The selected values were 0.1 Pa, 0.3 Pa, 1 Pa,
3 Pa, 10 Pa, and 30 Pa. The DEM-LBM data are plotted against the experimental data showing a
very good agreement, as seen in Figure 4.5. Each applied stress was simulated for 1.5 s, which
was sufficient for each plate velocity to approach a steady state value. As an example, Figure 4.6
plots the plate velocity versus time for the applied stress of 10 Pa. The velocity used to determine
the apparent viscosity of the system was obtained by time averaging.
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Figure 4.5

Viscosity-stress plot comparing the DEM-LBM results to the experimental data

Figure 4.6

Plate velocity versus time for an applied stress of 10 Pa
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Shear profiles were generated for each applied stress as seen in Figure 4.7 and compared
to some experimental values (Brown and Jaeger, 2012) in Figure 4.8. These profiles were
generated by plotting the average particle velocity as a function of the distance from the plate.

Figure 4.7

Shear profile for all applied stresses. The particle velocity, v, was normalized by
the plate velocity, vp, and the distance from the plate, h, was normalized by the
gap width, d. The vertical dashed line shows the distance of 1 particle diameter. A
log-linear plot is shown in the top right corner
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Figure 4.8

Comparison of shear profiles at applied stress levels of a) 1 Pa, b) 3 Pa, and c) 10
Pa. The particle velocity, v, was normalized by the plate velocity, vp, and the
distance from the plate, h, was normalized by the gap width, d. The experimental
data is from Brown and Jaeger (2012)

The effect of dilation on the system is illustrated in Figure 4.9, which shows the normal
and shear stresses on the moving wall from both the fluid phase and the solid phase. Figure 4.9
demonstrates that at the beginning of the simulation all of the stress is being transmitted through
the fluid phase, but once the particles begin to move, the particles bear the majority of the stress.
As the fluid begins to transmit the stress throughout the system, the particles begin to move and
dilate, which can be seen by the increase in normal stress. The normal stress exhibits fluctuations
because of random instabilities when some particles come in and out of contact with the wall.
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The stress on the moving wall from each phase was calculated by taking the normal and shear
forces of the respective phases and dividing by the surface area of the wall. For the DEM, this
force was the sum of all forces exerted by the particles in contact with the wall, and for the LBM,
this force was the total hydrodynamic force exerted by the fluid to the wall as calculated by
Equation (4.19). From Figure 4.9, the final value for total shear stress balances the applied stress
of 10 Pa, and the final normal stress is approximately double the applied shear stress. The
horizontal velocity profile of the particles is visualized in Figure 4.10.

Figure 4.9

a) Shear stress plots for an applied wall stress of 10 Pa. b) Normal stress plots for
an applied stress of 10 Pa. The normal stress due to the fluid’s contribution was
zero for the entire simulation. The stresses shown represent the wall exerting the
stress onto the system, which is balanced by a reaction forces exerted by both fluid
and particles on the wall
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Figure 4.10

Visualization showing the particles at time step of a) 0.0s, b) 0.5s, c) 0.75s, and d)
1.5s for an applied stress of 10 Pa. The color corresponds to the particle velocity in
the horizontal direction with the range based on the average plate velocity for 10
Pa

Figure 4.11

Visualization showing maximum compressive stress of each particle for a)0.0s
b)0.5s c)0.75s and d)1.0s

Figure 4.10 demonstrates all stages of the shear thickening. Starting in the settled initial
configuration at 0s, the particles are not in contact with the top plate. Once the hydrodynamic
stress becomes large enough to move the particles, the particles displace into the void space near
the top plate. Once the particles fill the top void space, the particles begin to resist the motion of
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the plate and begin to jam as seen in Figure 4.10b. For this applied shear stress, the
hydrodynamic stresses are large enough to overcome the inter-particle stresses and move the
particles closest to the moving wall, Figure 4.10c. Because the particles are displaced, more
voids are created throughout the system, and gravity forces the particles to fill the voids (Brown
and Jaeger, 2012).
To demonstrate the effect of particle contacts, a configuration of the particles at 0s, 0.5s,
0.75s, and 1.0s of simulated time is shown in Figure 4.11. Each particle is assigned a color
corresponding to the maximum (principal) compressive particle stress as computed from the
contact forces. The formation of force chains is evident where the higher stresses are
concentrated in a chain like formation surrounded by “observer” particles with relatively small
compressive stress. The stress history of the simulations is shown by plotting the stresses p and
q, calculated by Equations (4.6-4.7), as seen in Figure 4.12. Also, to compare with Figures 4.10
and 4.11, the stress path for an applied stress of 10 Pa is shown in Figure 4.13.

Figure 4.12

Stress path plots for different values of applied shear stress. The inset plot
magnifies q values in the low stress range
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Figure 4.13

4.4

Stress path plot for an applied stress of 10 Pa. The black dots represent the stresses
at times a) 0.0s, b) 0.5s, c) 0.75s, and d) 1.0s

Parametric Studies
The DEM-LBM model was shown to yield realistic results in the previous section, thus

providing a tool to further explore the DST phenomenon further through a parametric study. The
purpose of this parametric study was to address particular issues that are difficult to determine
from the existing DST experimental data. Whereas the experimental data provides great insight
into DST, some aspects still remain unclear since certain measurements are not or cannot be
made during the experimental tests. Most notably, the DEM-LBM model can separate the liquid
and solid phase contributions to stress. It can provide detailed force-displacement
micromechanical data which cannot be measured in experiments. Further, compared to
alternative numerical models (e.g., Fernandez et al. 2013, Seto et al., 2014), the DEM-LBM
model can properly deal with situations where particles settle at low stress due to high density of
solid phase. In addition, the importance of some parameters was not anticipated at the time. The
advantage of realistic numerical simulations is that quantities difficult to measure experimentally
84

can be determined at high resolution by simulation, thus permitting better understanding of
physical mechanisms involved. The following sections present simulation results and discuss the
DEM-LBM model response for different soil fraction, particle-wall contact stiffness and particle
friction. The model described in the previous section was used as a reference. Each parameter of
interest was varied while the remaining parameters were kept constant.
4.4.1

Solid Fraction
The first parameter studied was the solid fraction of particles in the system. Since this

parameter represents the number of particles or the amount of solid present, the system will
behave more like a solid with increasing solid fraction. Since the Reynolds number is so low, the
particle fraction of 0.0, fluid only, shows Newtonian behavior, which is the assumption in the
DEM-LBM model. Since the initial system had a solid fraction of 0.53, the values of 0.45 and
0.3 were chosen to show the lower limit and an intermediate value.

Figure 4.14

Viscosity versus shear stress plot for different values of solid fraction
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Figure 4.14 shows a dependence of calculated viscosity values on the applied shear stress for
solid fractions of 0.3, 0.45, and 0.53. For a fixed distance between the rotating plates, increasing
the number of particles increases the solid fraction and presumably the amount of shear
thickening. From Figure 4.14, the higher the solid fraction, the more particles are involved, and
the more stress can be transmitted throughout the system. Also, at the low solid fraction values,
only marginal shear thickening is observed, which agrees with experimental data.
4.4.2

Particle-Wall Contact Stiffness
To increase the maximum value of applied shear stress that exhibits shear thickening,

either the boundary stiffness or equivalently, the confining pressure must be increased. Brown
and Jaeger (2012) showed that increasing the stiffness of the confining walls in their experiments
increased the maximum shear stress range. For the DEM-LBM model developed in the current
study, the viscosity of the system at higher applied stresses was increased by increasing the
stiffness parameter that governs the contact between wall and particle, consequently increasing
the shear thickening stress range.
The initial value of the wall stiffness was 0.5 N/m. The small values of wall-particle
stiffness used in the DEM-LBM can be attributed to the fact that the experiment setup has a solid
fluid interaction boundary. To see the effects of changing the wall stiffness, values of 0.25 and
1.0 N/m were applied. The results are shown in Figure 4.15. By decreasing the stiffness from 0.5
to 0.25 N/m, the maximum value for viscosity is noticeably decreased and seems to occur at
lower values of applied shear stress. The system with lower wall stiffness shows the transition
between shear thickening and thinning occurs between 3 and 10 Pa., which is earlier than the
system with original wall stiffness value of 0.5 N/m. By increasing the wall stiffness to 1.0 N/m,
the viscosity-stress curve shows little change, except at the final value of applied stress of 30 Pa,
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where the amount of shear thinning is reduced. The extension of the stress zone that shows shear
thickening becomes most evident when the wall stiffness was increased to a value of 10.0 N/m
for which the system shows shear thickening even at the applied stress of 30 Pa, where no other
boundary stiffness exhibits thickening. From these data, the wall-particle stiffness parameter in
the DEM-LBM model seems to control the maximum applied shear stress that induces shear
thickening, but this parameter does not increase viscosity of the system beyond a certain applied
shear stress threshold, which agrees with Brown and Jaeger’s (2012) observations.

Figure 4.15

4.4.3

Viscosity versus shear stress plot for parametric study of wall-particles stiffness.
Note the solid black line represents the experimental data from Brown and Jaeger
(2012)

Particle Friction
The friction from the inter-particle interactions determines the ability to maintain force

chains when the system is subjected to shear loading. Initially, the value of 0.8 was applied. This
value was chosen as the maximum value, and the values of 0.25 and 0.5 were examined in
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addition. New initial configurations were created to account for the differences in settling due to
changes in particle friction.
The results of changing the inter-particle friction parameter can be seen in Figure 4.16.
The general behavior of the viscosity-stress curves displayed similar trends for all friction values,
although the maximum value of viscosity was greatly decreased with decreasing friction. The
expectations for this parameter study were that once the friction coefficient was reduced
sufficiently, the particle-fluid solution would collapse. From Figure 4.16, as the friction
parameter is increased from 0.25 to 0.5, the curves seem to be approaching the values at 0.8
Also, as the friction decreases, the system begins to behave like a Newtonian fluid – showing
little shear thickening for this range of applied shear stress (Fernandez et al., 2013; Mari et al.,
2015).

Figure 4.16

Viscosity versus shear stress plot for different values of inter-particle friction
coefficient (Fp)
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4.5

Discussion
Motivation for this study arose from previous cases in geomechanics where the DEM was

used to model an experiment where dilation was a key phenomenon (e.g., Peters and Walizer,
2013). Since the dilation phenomenon has been a focus in descriptions of shear thickening fluid,
the current DEM-LBM model proved to be a good fit for this type of simulation. The DEMLBM model that was developed in this study provides a robust tool to determine the forces being
exerted by the fluid phase and the solid phases separately, a feature that is not feasible in an
experimental setup.
As expected in the shear thickening simulations, the fluid and solid phases have different
roles in contributing to DST. At the low end of the applied stress range, the hydrodynamic
stresses are not large enough to even move the particles, and the fluid contributes all of the
resistance in the system. However, when the hydrodynamic stresses become large enough to
move the particles, the inter-particle friction forces dominate the system’s resistance, as seen in
Figure 4.9. For the shear thickening to occur, the confining boundary stresses must be larger than
these inter-particle stresses. Therefore, the role of the LBM fluid phase is to carry the stresses
through the particles, and the role of the DEM particles is to transfer forces through the solid
phase once sufficient dilation has occurred.
Since Brown and Jaeger (2012) reported large differences in viscosity for different
loading durations, the particle velocities for the DEM-LBM model were compared to the
experimental results. In the region to the left of the dashed line in Figure 4.7, the DEM-LBM
model captures the abrupt change in the velocity profile. The step-like layering can also be
observed in the bulk region, region to the right of the dashed line, but the layering is not as
pronounced as the experimental data. For the applied stresses of 1 Pa, 3 Pa, and 10 Pa, the DEM89

LBM data was directly compared to the velocity profiles generated by Brown and Jaeger (2012).
The model’s results show overall good agreement to the experimental data, but some slight
differences can be observed. For example, in Figure 4.8c, the model does not quite capture the
discontinuity as quickly as the experimental method. These differences could be explained by the
different loading conditions and by the methods used for measuring the average particle velocity.
As Brown and Jaeger (2012) discussed, dilation seems to accompany the shear
thickening. To interpret the role of friction we consider the intergranular stress, where
intergranular implies that component of total stress transferred through solid-on-solid contacts
between particles. From inspection of the simulated stress paths, as the particle mass is sheared,
the fluid pressure drops causing an increase in intergranular stress. Thus, the particle mass is
stiffened. Whether dilation is a sufficient, necessary, or merely attendant condition is an open
question. The geomechanical dilation has already been successfully simulated with the DEM
under imposed constant-volume constraint (Peters et al. 2013) and appears to be important in the
shear thickening behavior as well. As seen in Figures 4.10 and 4.11, the DEM-LBM model
allows the particles to dilate when sufficient stress is applied. At the beginning of the
simulations, the particles are settled. Throughout the simulation, the particles displace and
expand the volume according to geometric constraints and the applied stresses. An interesting
picture emerges from the average solid stress state, as shown in Figure 4.12, where the stresses p
and q are plotted. The relationship between p and q follows that found for dilatant soils in
undrained triaxial shear tests in soil mechanics. The degree to which the intergranular stress p
increases depends on the applied shear stress. It appears that this increase in p occurs early as the
particles are engaging the plate.
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As shown in the parametric study, a number of parameters affect the amount of shear
thickening that occurs in the simulations:
•

First, the solid fraction effects on the intensity of shear thickening were examined. Below
certain solid fraction, the system shows no shear thickening. The trend from the DEMLBM model, seen in Figure 4.14, matches the behavior seen in the experimental data by
Brown and Jaeger (2012).

•

Second, the effect of the stiffness of the wall-particle interaction on the range of the applied
stress where shear thickening occurs was evaluated. Brown and Jaeger (2012) reported a
linear dependence between the confining stiffness and the maximum shear thickening
stress. From Figure 4.15, the DEM-LBM model shows that increasing the wall-particle
stiffness for the confining walls shifted the viscosity-stress curves. Changing the wallparticle contact stiffness did not increase the viscosity of the system, but it did change the
stress scale. Although the particular values chosen for the DEM-LBM wall stiffness were
much lower than that of a typical parallel plate setup with metal plates on the boundary,
the wall stiffness values were a better match for the values for boundary stiffness related
to the confining effects due to surface tension (Brown and Jaeger, 2012). Therefore, the
DEM-LBM model matches the experimental data by the DEM-LBM effectively matching
the softer boundary condition. Interestingly, the viscosity curves vary significantly when
the applied stress values are greater than 10 Pa. By increasing K, the maximum shear stress
for shear thickening was increased. Therefore, the systems with the lower K show shear
thinning above the 10 Pa applied stress, while the systems with the higher values of K show
shear thickening. This change from shear thinning to shear thickening causes the large
differences for stresses above 10 Pa.
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•

Third, the effects of friction coefficient governing inter-particle contacts on the amount of
shear thickening were analyzed. For the DEM-LMB model, increasing the friction between
particles increased the total amount of shear thickening but did not affect the range of
stresses where shear thickening was observed. As the friction decreased, the system
approached Newtonian fluid behavior.

The current version of the DEM-LBM model is limited to low Reynolds number flows for
larger particles, where the Brownian forces are negligible. By eliminating the inertial and size
effects, the effects of dilation, inter-particles stresses, and boundary confinement were the focus
of this study. However, the DEM-LBM model could be modified to accommodate high Reynolds
number flows, where inertial effects would be present in the fluid phase, and small-particle
suspensions, where Brownian forces would be present (see Yeoh et al. 2013). The current study
dealt with situations where particles settle at low stress. It is noted that further research is needed
to assess the performance of the DEM-LBM model for simulating cases where the lubrication
forces are expected to dominate. Further, while beyond the scope of the current study, it is
worthy to use the DEM-LBM model in future research in an attempt to numerically simulate
shear thickening of the soil-fluid mixture in the absence of gravity. The presented DEM-LBM
modeling effort was carried out in the presence of gravity. One may argue that the strong
influence of gravity in such a system results in a segregated flow at low shear rate or shear stress,
and a well-mixed state due to resuspensions at high shear rate.
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CHAPTER V
A CONSTITUTIVE MODEL FOR DISCONTINUOUS SHEAR THICKENING - SHEAR
THINNING IN GRANULAR MEDIA-FLUID SUSPENSION
5.1

Introduction
Shear-thickening fluids are described by an increase in effective viscosity as the applied

shear stress (or strain rate) also increases. Generally, this shear-thickening behavior has a range
of applied stresses for which shear thickening is observed, and after this zone, the system usually
shows a shear-thinning behavior, where the viscosity decreases for increasing stress (Barnes,
1989; Wagner and Brady, 2009; Galindo-Rosales et al., 2011; Brown and Jaeger, 2012).
Although shear-thinning fluids are more common than shear-thickening, a number of uses for
shear-thickening fluids have recently been studied, such as using shear-thickening fluids to
improve body armor (Lee et al., 2003) and integrating shear-thickening fluids into composite
structures for applications such as shock absorption (Fischer et al., 2006). Unlike these examples,
shear-thickening is usually an undesired phenomenon and can lead to failures in equipment used
for pumping or other industrial applications (Brown and Jaeger, 2014)
In recent experimental research, shear-thickening behavior has been studied quite
extensively (e.g., (Brown and Jaeger 2012; Heussinger, 2013; Seto et al., 2013; Wyart and Cates,
2014; Mari et al., 2015)). According to these studies, shear-thickening is observed in a welldefined range of shear stress, denoted as σmin and σmax (Brown and Jaeger, 2012). In this
specified range of stresses, the apparent viscosity of the system can increase by orders of
93

magnitude. In most cases, preceding and following this zone of shear-thickening the system
exhibits shear-thinning (Galindo-Rosales et al., 2011). In addition to the limited shear-thickening
stress range, the solid-fluid mixture only shows this type of behavior for a specific range of
solid-fraction, φ, which is reported in the range of approximately 0.3 ≤ 𝜙 ≤ 0.6 (Brown and
Jaeger, 2012). However, the discontinuous behavior is only seen for high packing arrangements
around with solid fractions 0.5 (Brown and Jaeger, 2012). Additionally, the inter-particle friction
has been known to also affect the magnitude of the apparent viscosity of system. The effect of
inter-particle frction has been observed numerically as well (e.g. Fernandez et al., 2013; Mari et
al., 2015). Also of interest, the stiffness of the wall-particle interaction can affect the stress range
that shows shear-thickening and has been reported experimentally (Brown and Jaeger, 2012) and
numerically (Johnson et al., 2017).
Previously, many functional forms have been proposed and used to model the effective
viscosity as a function of stress (or strain) for shear-thinning fluids (Galindo-Rosales et al.,
2011). However, for shear-thickening the majority of literature resorts to the use of a power-law
model (Manica and De Bortoli, 2004; Dawson et al., 2009). More recently, Galindo-Rosales et
al. (2011) proposed a phenomenological apparent viscosity function appropriate for shear
thickening and shear thinning. The goal of their study was to not discuss the mechanisms behind
shear thickening but to demonstrate that the functional form could accurately model the behavior
(Galindo-Rosales et al., 2011). In this chapter, the validated DEM-LBM model, used in Chapter
5, is used to develop a physics-based constitutive model for discontinuous shear thickening and
shear thinning. The proposed model is calibrated using the DEM-LBM model and validated
against existing experimental data for similar tests (Brown and Jaeger, 2012).
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5.2

Conceptual Model
For modeling shear-thickening in a fluid, the common modeling approach is to use a

power law (Manica and De Bortoli, 2004; Dawson et al., 2009), of the form:
(5.1)

η(γ̇ ) = 𝑚γ̇ 𝑛−1

where η is the apparent viscosity, γ̇ is the applied strain rate, and n is power law constant. While
the power-law model is good for shear-thickening, it does not describe the zones that show
shear-thinning (Galindo-Rosales et al., 2011). Typically, there are distinct zones of applied stress
(or strain), as seen in Figure 5.1.

Viscosity (Pa-s)

10

Zone 2

Zone 3

1

0.1

Figure 5.1

Zone 1

0.1

1

10
Shear Stress (Pa)

100

Viscosity-stress showing the three distinct zones of shear-thinning and shearthickening. Zone 1 shows slight shear-thinning, Zone 2 shows shear-thickening,
and Zone 3 shows shear-thinning again. The blue line represents the experimental
data in Chapter 4 (Brown and Jaeger, 2012)

To build a function capable of modeling all zones, Galindo-Rosales et al. (2011)
proposed a model of the form:
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𝜂 −𝜂

0
∞
η(γ̇ ) = η∞ + 1+(𝐾γ̇
)𝑛

(5.2)

where η∞ and 𝜂0 refer to the asymptotic values of the viscosity at very high and very low shear
rates, respectively, and K is a constant parameter which is responsible for the shape of the curve.
From Chapter 4, the major variables that effected the model’s behavior were the solid
fraction (φ), the inter-particle friction (µp), and the wall-particle stiffness (Kn). The effects of
these variables can be summarized, as shown in Figure 5.2.

Figure 5.2

Key variables from the DEM-LBM model of Chapter 4. a) Solid fraction, b) Interparticle friction, and c) Wall-particle stiffness

These key variables influenced the simulations the most. As previously stated,
discontinuous shear-thickening only occurs for a specific range of solid fraction (Brown and
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Jaeger, 2012), as seen in Figure 5.2a. As seen in Figure 5.2b, the inter-particle friction has been
known to drastically affect the magnitude of viscosity in the shear-thickening zone (Fernandez et
al., 2013; Mari et al., 2015). Shown in Figure 5.2c, the wall-particle stiffness can extend the
range of shear stresses that show shear-thickening (Brown and Jaeger, 2012).
As an analogous study, for soil mechanics, rate-state friction models have been long
using a similar approach to model this type of phenomena. Similarly, rate-state friction models
capture three distinct regions (Rice et al, 2001). Rate-state friction models generally have the
form:
𝑣

𝜃𝑣

0

𝑐

𝜇 = 𝑓0 + 𝑎 ln (𝑣 ) + 𝑏 ln ( 𝑑 0)

(5.3)

where µ is the friction of the system, f0 is the steady-state friction value, a and b are material
constants, v is the slip velocity, v0 is a refence velocity, θ is a state variable, and dc is a
characteristic weakening distance. So, as can be seen, this type of approach is similar in concept
to the power-law approach shown in Equation (5.1).
In this work, a three-zone approach will be implemented, similar to Galindo-Rosales et
al. (2011). The effective viscosity will me modeled for the shear-thinning zone before the onset
of shear-thickening, the shear-thickening zone, and the shear-thinning zone following shearthickening. The model chosen for this study is similar to a power law, but the main objective was
to focus on the roles of the key variables from Chapter 4. The following equations were used to
model the DEM-LBM results from Chapter 4:
(5.4)

η = η0 + 𝑐1 ln (𝜎 ∗ )
𝑐

η = η0 + 𝑐2 ln(𝜎 ∗ ) ∗ 𝜙 𝑐3 𝜇𝑝4

(5.5)

𝑐

(5.6)

η = ηmax − 𝑐5 ln(𝜎 ∗ ) ∗ 𝜙 𝑐3 𝜇𝑝4
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where 𝜂0 is the minimum effective viscosity, 𝜎 ∗ is a normalized shear stress, 𝜙 is the solid
fraction, ηmax is the maximum effective viscosity, 𝜇𝑝 is the inter-particle friction, and c is
constant determined by calibration.
5.3

Calibration of the Proposed Constitutive Model
As shown in Chapter 4, the DEM-LBM model was validated with a comparison to

experimental data for a densely packed particle suspension. The major results from the
parametric study can be seen in Figure 5.2. The best fit to the experimental data can be seen in
Figure 5.3, as well as the values of the key variables.

Figure 5.3

Viscosity versus shear stress for the DEM-LBM model used in Chapter 4. The
values for the key variables used in Chapter 5 are as follows: φ = 0.53, µp = 0.8,
and KN = 0.5.

After using the data provide in Figure 5.2, the initial set of calibration data gives the
coefficients for Equations (5.4-5.6) as:
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η = η0 + 0.01ln (𝜎 ∗ )

(5.7)

η = η0 + 2.15 ln(𝜎 ∗ ) ∗ 𝜙 21.5 𝜇𝑝1.65

(5.8)

η = ηmax − 3.0 ln(𝜎 ∗ ) ∗ 𝜙 21.5 𝜇𝑝1.65

(5.9)

where the variables were normalized by the minimum value for the respective range. For
example, σmin = 0.4, φmin = 0.3, µmin = 0.25, and Kmin = 0.25. The value for σmin can be
approximated using the equation from Brown and Jaeger (2012) for a given particle size, density,
and fluid viscosity. The minimum value for φ is also specified by Brown and Jaeger (2012) as
the value for which shear thickening starts to become observable. The minimum values for µp
and KN were determined by the minimum values studied in Chapter 4.
The initial results for Equations (5.7-5.9) are shown in Figure 5.4. The initial regression
results are compared with the same set of experimental data from Chapter 4 (Brown and Jaeger,
2012).
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Figure 5.4

Initial comparison of Equations (5.7-5.9) to the experimental data from Brown and
Jaeger (2012). Note that this is the same data that the DEM-LBM model from
Chapter 4 was validated with.

Figure 5.4 shows the model plotted against the best DEM-LBM results and the Brown
and Jaeger (2012) results. To see how the model fits the rest of the DEM-LBM data, Figure 5.5
shows a comparison between Equations (5.7-5.9) as a function of solid fraction, and Figure 5.6
shows the effect of inter-particle friction. Figures 5.5-5.6 show how the constants in Equations
(5.7-5.9) were calibrated to match the DEM-LBM results from Chapter 4.
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Figure 5.5

Comparison of Equations (5.7-5.9) with the DEM-LBM for various solid fraction.

Figure 5.6

Comparison of Equations (5.7-5.9) with the DEM-LBM for various inter-particle
frictions.
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5.4

Validation
Following calibration of the proposed models, the models were compared with an

additional set of experimental data from Brown and Jaeger (2012). This experiment differed
slightly from the previous set based on particle density, gravitational effects, and minimum stress
at onset. Using the initial results from Equations (5.7-5.9), without changing the calibrated
values of c1-c5, the comparison of this second set of experimental data is shown in Figure 5.7.

Figure 5.7

Comparison of Equations (5.7-5.9) to the second set of experimental data from
Brown and Jaeger (2012).

As seen in Figure 5.7, the model presented in Equations (5.7-5.9) presents an accurate
representation for a different set of experimental data. This set of data had different inter-particle
friction, fluid viscosity, particle size, and density. The only key variables that were changed in
Equations (5.7-5.9) were the inter-particle friction, the minimum effective viscosity, and the
range of shear stresses for Zones 1-3.
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5.5

Discussion
From Figure 5.4, the results from the model presented accurately capture the physics

shown in the DEM-LBM model. For example, the effects of the key variables are accurately
capture by Equations (5.7-5.9), as shown in Figures 5.5-5.6. As expected, and discussed in
Chapter 4, the solid fraction determines the degree of discontinuous shear thickening, where
shear thickening is only observed for 0.3 ≤ 𝜙 ≤ 0.6. Equations (5.7-5.9) capture this behavior
by determining the correct value for c3. Also, the inter-particle friction effects the magnitude of
the effective viscosity. As shown in Figure 5.6, the model presented shows the capability to
reproduce this effect.
The parameters of most importance for this model are η0 , ηmax , σmin , and σmax . Some
assumptions had to made for each of these parameters. First, η0 was determined by either the
DEM-LBM, for the first model, or by the experimental data for the comparison in Figure 5.7.
Next, η𝑚𝑎𝑥 was determined as the value of viscosity for σmax . For σmin , Brown and Jaeger
(2012) provide an equation that is able to approximate the value for σmin depending on particle
size, density difference, and inter-particle friction. For σmax , the values for approximated by
using the DEM-LBM results or the experimental results in Figure 5.7. However, a better study of
the effects of wall-particle stiffness in Chapter 4 could possibly lead to a relationship that express
σmax as a function of the wall-particle stiffness.
One major difference between the experimental data used in Figure 5.7 and the data used
in Chapter 4 is that the density of the particles is matched to the density of the fluid. This density
balance minimizes the effects of gravity in order to show the effects of friction and viscosity. An
important point of discussion is that the DEM-LBM model of Chapter 4 was not able to model
this set of data due to computational limits. As can be seen by comparing Figure 5.4 and Figure
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5.7, the range of applied stress drops an order of magnitude. With this change in applied stress,
the computational time step of the DEM-LBM was extremely small. However, by using the
DEM-LBM data from Chapter 4, the models in Equations (5.7-5.9) can provide physics-based
constitutive model for discontinuous shear thickening-shear thinning that requires minimal
computational cost.
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CHAPTER VI
CONCLUSIONS AND RECOMMENDATIONS
6.1

Summary and Conclusions
In Chapter 2, energy dissipated in a granular layer subjected to monotonic and cyclic

simple shear loading was investigated based on DEM simulations. The simulations results were
interpreted in the context of traditional Critical State Soil Mechanics. Independent computation
of internal energy dissipation using the DEM inter-particle contact laws is a unique contribution
that allows the internal consistency of the model to be investigated. In addition, the individual
contribution of dissipation mechanism to the total energy budget could be assessed.
The simulation results showed that the macroscopic friction, determined from internal
energy dissipation, was essentially constant throughout loading and differed from the slip friction
by an amount equal to the non-energy dissipating dilatancy component. The results also showed
that although a small amount of inter-particle rolling and sliding friction resistances are needed
in the DEM model, there are threshold values beyond which increasing neither the rolling
resistance parameter nor the inter-particle sliding friction affected the macroscopic friction.
These observations suggested that forces are applied through contiguous chains of particles,
favoring energy dissipation through the collisional mode of particle interaction. A study on
applied strain rate showed that the macroscopic friction increased for higher values of applied
velocity.
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In Chapter 3, the coupled DEM-LBM model allowed explicit modeling of both the solid
and the fluid phases for the undrained biaxial test. The DEM-LBM model showed a convergence
to the B-value of unity for decreasing the LBM compressibility, although for intermediate values
of compressibility the pore pressure response deviated from values anticipated from Skempton’s
theory. Using the constant volume DEM only simulation as a comparison, the DEM-LBM model
showed a good agreement for the undrained biaxial problem. Visualizing the interparticle
stresses and particle velocity vectors provided insight into the formation of shear bands and the
differences between the DEM-CV and DEM-LBM.
By verifying the DEM-LBM model with the DEM-CV simulation, this study presented a
multiphase model that can simulate both phases in the undrained biaxial test and help understand
the mechanisms that cause shear band formation. The present study showed that the DEM-LBM
model can accurately simulate a compressive/expansive loading on the outer boundaries. By
doing so, the DEM-LBM model showed a valuable capability for solving a multitude of similar
geomechanical problems, taking advantage of parallel supercomputers.
In Chapter 4, by coupling the DEM and LBM, the phenomenon of shear thickening in
particle suspensions was successfully modeled. The results of the DEM-LBM model were shown
to be realistic by comparing with experimental data for spherical glass particles immersed in oil.
By keeping the Reynolds number low and particle sizes in an appropriate range, inertial effects
and size effects were minimized. With these criteria, the major contributions to the stresses
involved were gravitational, viscous, and inter-particles, which could all be modeled by the
DEM-LBM.
Parameters such as solid fraction, wall-particle stiffness, and the particle friction
coefficient were studied. From the parameter study, the DEM-LBM model results, with
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calibrated parameters, agreed with the expected outcomes when the key parameters are varied.
For example, by decreasing the number of particles in the initial DEM-LBM system, the solid
fraction was decreased, resulting in less significant increase of the viscosity. The study of the
solid fraction showed that the DST only occurs for a certain range of solid fractions. Next, the
variation of the wall-particle stiffness parameter in the DEM showed that the range of shear
stress in which shear thickening occurs could be extended by increasing the wall stiffness, or
boundary confinement. Previous simulations have showed the effects of particle friction and
solid fraction, but the DEM-LBM model presented a new result showing that increasing
boundary stiffness directly increases the shear stress that onsets shear thickening. The interparticle friction parameter illustrated that the resistance of the global system depends on the
resistance of the local particles, with lower particle friction lowering the global resistance.
By evaluating the DEM-LBM model with the experimental data provided, this study
presented a model that can simulate the shear-thickening phenomenon and help understand the
mechanisms that cause shear thickening. For example, this model can calculate the individual
contribution of both the solid phase and the fluid phase, which is not possible in the experiment.
Also, this study showed how the DEM-LBM model could be useful in other applications of
densely packed suspensions where dilation occurs.
In Chapter 5, a constitutive based model was developed for discontinuous shear
thickening by using the DEM-LBM model results. The model’s results were calibrated by using
the results of experimental data and the DEM-LBM parameters studied in Chapter 4. After
calibration, the predictive accuracy of the model was studied by using an experimental data set
that closely matched the original set of data. Finally, the effects of each parameter of the
constitutive model were examined by a parametric study.
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6.2

Recommendations for Future Research
Based on the results of this study, the following recommendations are made for future

research in this area:
•

From the study in Chapter 2, the model provides room for future works that
include particle breakage, adding a fluid into the system, and expanding the
energy calculations to account for heat transfer through comprehensive thermohydro-mechanical modeling. By adding a fluid into the system, the viscous effects
of energy dissipation could be determined.

•

As previously stated, a major possibility for future study would be to include the
effects of heat transfer into the dissipation energy model. By relating the
dissipated energy to heat loss, a multitude of future research is opened. For
example, developing a thermo-mechanical model for soils if of great interest,
since heat loss is a major factor in soil mechanics.

•

For the model used in Chapter 3, future work should consider cases where fluid
flow can occur at boundaries for which fluid permeability has a strong influence
on the pore pressure response. The objective of Chapter 3 was to demonstrate the
capability of the model by using a simplified geometry and loading condition. So,
finding a suitable set of experimental data to model would benefit the model of
Chapter 3. This could include trying to model a triaxial test or other type of
typical experiment.

•

While the DEM-LBM provided insights in the discontinuous shear thickening
area of research, the work in Chapter 4 can be enhanced by further study of the
important variables of the phenomenon. For example, by expanding the range of
the wall-particle stiffness values and increasing the applied stresses, further
knowledge can be obtained of how much the wall-particle stiffness affects the
range of shear thickening.

•

For the study conducted in Chapter 5, additional work can be done by a designing
a more extensive set of DEM-LBM simulations to be used for calibration of the
proposed closed-form model. Since each DEM-LBM simulation requires
significant computational time and effort, a type of surrogate modeling approach
is recommended for future studies. By doing this, the DEM-LBM model results
would be used to create a surrogate model that would require much less
computational time and effort, while still providing accuracy and valuable insight
into the shear thickening phenomenon.
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